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housekeeping

I got nothin’



today

real quantum mechanics
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PROPERTIES OF 4 ( x. t ) boundary conditions  in solving the So E
.

I ) 4 must be finite  everywhere

2) 4 must be single . valued

3) 4 and
0¥×

must be continuous at  any potential (a) boundary

4) 4 → 0 as x  → to

5) OBTW .  . .
4 is complex

Uh oh - -
.

 net like E  of optics

cannot be  an  actual thing' t '

-

→  we  can't touch
,

smell
, measure ,

feel
, watch

,

interact  with
,

or detect the  wave function

Is  it  real ? Join the argument .  - surely not



This bothered Schroedinger .

we  an know how to

wane an  imaginary variableA  into a  real variable

At A

sb he first tried to  say :

4*4
,

t ) 4kt ) dx  
= 144

, E) Tdx  = C ( x ) dx

T
electron  charge

density

NOPE

The  answer  is strange .



Olivia Newton town 's grandpa
9

Max Born

figured it out



14 ( x. Hfdx  =

Fk¥
the probability density of finding the quantum particle

represented by 4Gt ) between × & *+ dx

4 sometimes  called the probability amplitude

The probability that the partice . . .

IS
...

 = 1.0 It has to be

someplace
a

a

so  a  condition on 4 : f 4*4 ,t)4( x. t)d×  = 1 =P  
= I Pcx )dx

- a

- a

probability .  . .
 so .  cannot be > 1

we
"

normalize
"

wave functions  in order to  insure this

Certainly ,
the particle need not  be  everywhere

wonder  about xa to ×B ? Calculate : 5×434*6.44 # dx



No potential ? No problem .  -

U =  0 means free
.

Then E  = TI BUT

ZM

ilxpxx - Etyh
4 ( x. t ) = E can't be the wave function since

:X
*

Ydx  =  a

- a\
iwplie

But not  unexpected
s a particular px and particular X

Uncertainty In bids that .

U often determines the form  of 4

U = ul x. E) w ucx )

in q

time dependent time  independent



TIME INDEPENDENT UCX )

then 4 factnizes and solutions to the S .E
.  can be  explored

Ex,t)=y(×)eiwt=~( *e-
ietlh

T T

Uppercase lowercase

Now :  En EIC x. e) =  ih§nEkit )
tetlh

=  ihycx ) d- e

dt

=
 it

fi¥ ) # jietlh

= EEK .t )



1st quantitative
so

, Pghm + Uk ) = E
 

- >

ten tgj ,

NI C x. E) + ucx ) # C x. t ) =  ih 2%47×+7

zIm2j×,
yk )eI*k+u(⇒ up Ei

#
I exk )eiietth

+  i Etlh

multiply e →

-

him ad×z4K) + uk ) 4k )
= EXK )

TIME INDEPENDENT

SCHROENDLNGER EQUATION

Probabilities :

S I
*

k.tk#dx=jy*GjyyteiEtHeiEHhdx=fX*Cx)XCDdxtflt
)



Think about  weighted averages

How do you
calm late hour qpa ?

( grade ) =

N4.o(4o)tN=(35)N4.o
 + Nz

.g
 +

.  - - -

< × > = Nix ,
+ Nzxzt -

- -

= § Nix ;

⇒
- Nz - -

§Ni

A  cmtimmsauawtitn ?

A

< × > =

/ × Pk ) dx

- a

÷PC x ) dx



In Quantum Mechanics  averages  are  called Expectation Values

< × > =
Tax # G) 46 )d×

÷Hk )4G)dx

works fn functions !

•

4*4 ) fcx )4k)dx
( f ( x ) > = [

•
order  matters

-

7
[a4*lx)~Kx)dx

Many expectation valves are operators ,

so must  appear

operating to the RIGHT  
→



OBSERVABLES :

represented by OPERATORS this WAY

d A

< A > = I #( x. t) A #G. E) dx-
II # kit ) NI G. Hdx

we're seen 2 so far p and E → p^ and €

we  can  certainly measure ( observables ) a susteuis

average position and / or average momentum any or average  
energy

4) < p >
c ⇒



Cpx > = { I ~I*kt )

Fx4Cx.HdxFIkutsnI.Adxcpn-ihfInHCx.tszxnICx.adx@IEttaxCE7-ihPauITxHy2nnIk.t

)d×

#I*GthIkdx

The  circumstances determine the functional form  of Elcxt )

TUC
x. t )
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✓ ( y ) characterizes now state

of motion and possibilities



Operators "

^

position x x

n

t 2momentum px -

-

i ZX

Energy
Eh

ih2*
^

z

Kinetic E K - tn 22
-

FiZm

potential E f V ( x )



"
PARTICLE IN A  BOX

"  "

INFINITE SQUARE WELL
"

Etqeuualue equations : give  me the potential

I 'll ten you 4 and E

.  . . basically



"
Infinite  square  well

"

a v(x)=  & x< 0

4 4

y § k v(x)=n  × > L

/ I
4 I ✓ ( × ) = o ocxc L

g-E .

c E
E C
< c
< cLO

L In s .E
.

V=a
,

then 4(x)=0
•

www.
,

0 L X So :

CA>×n= (4*6) E4Cx)dx  
= 0 since 4=0



inside the well ? V ( × ) = 0 o ( x CL

5. E .

If f÷P4
+0 =  erkx )

gland
=

-

age
4k )

attar  work w/ wave  number h=
Pg

=£m±
A

h2= 2M¥
f.

2

IYK ) = - h2XG )

dx2

Lots  of average quantities coming .  - .



PG )

A -

µ
What's the average  value ?

1 1 × fcx
>

Xi Xi #
-

l

'

1  ×

L

a

< x > = f ×PCx)dx- P(x)=0 xcx , × > xz

[gP(x)dx
= A x. < × < xz

=

#f÷jI=n¥I¥I
. "Ii¥=t*÷¥ex

'

< × > = 'z( x. + x. ) = ×
,

+ EL

¥ti "

:
YLL



dg¥Yx
) = - h24(x) This is  a familiar differential equation .

so

y % I

general solutions :  Ycx ) = Asinkx  + Bwshx
q

,  
¥

q
.

q

Iwm2e boundary conditions : E E
O EEmmy

,

YC o ) =  0 ⇒ 13=0
0  L ×

so ! kL=hI

y (c) = o ⇒ 4C4=AsinkL=0
⇒ yuk )=Asin (

"

II ) ✓

Normalization :

f{X*Cx)X(x)dx=l=A2§sin2(hEf)dx  → gives  ust
.

, -

fsiixdx  = lzx - ¥ sinzx
[

1=A2 . # ⇒ A=JE

y=n±× folsiixdx = so"Iniy( E.) dy
L

dY×I÷f¥'jitterbugging .



So the properly normalized wave functions  are :

4n( × ) = § sin (
"

If ) n=  1,2 .  . .
 STANDING WAVES

Energies :

the
=  

Zmgez
→ kn=  

HE

&
(nET=

2m±nI
2

Eu=  n2oT2tr n=l
, 2,3 .  - .

Recap ! I

1) started with potential

2) solved Schroedinger  Equation generally

→
4

,

3) imposed boundary cmditims to  simplify →

K4) normalized 4 → Tense
,n

5) evaluated En



Look at lowest state  n=i 4n ( × ) = 2£ sin ( NII )
Yk )

4 G) =jE sin ( Ex )
the #

c × )

0
•

L X

with E
,

=  TIE =/ o !

2Mt

lowest state has finite  energy .

Where  is the electron ? → an we  can  calculate  to  a

probability .
P in 1412

PG )

µ
corner he here !

0
•

L X

^ T
) most likely

could here

be here



"

where  is  it
"

?  not  a  valid question .



2nd level n=Z

447
ydx )

42 ( x ) = FE sin ( 2¥ )
%

o%~
×L

Ez = 4E
,

= 4K¥
ZME um .

probability ?
PQ )

µ
¢ *

0 A C B X

in
L

^ ^

more  ouch .

|

( Cannot be here !

How does it
"

get
"

from A to B likely equally likely
without passing through ( ?

here here

" another meaningless question .



- Energy - wauefuncttm - Probability density

E Think  about this lowest  energy :

TFK T ^( Emi )
M

zero . point  energy

16

T.fi#n=4hamrcnsaU

the time  in QM

Uncertainty demands  it !

14
E

,
=  IIKZ

ZME

: M
E 'm= . ⇒

pEm=E÷kI
Tf " =3

uncertainty In position AXELL8

uncertainty in mom
: Ap ~

pyz
6 - P ,  =  the

4

=
" =2

zbp  III
ZDX

2

#)n=
, Apax  =  IF =Iz Az Zkz ✓

→
×

0 L



PhusiosHave ?

glad won asked .

or  a

F many physical systems that  can be  approximated by [T

A proton trapped inside
of

a  nucleus

E&M repulsion ? Doesn't matter ...  strong fnce  Is way stronger .

nucleus  what 's E. ? E
,

= TI
'

ZME
= Inc )

"

P

ZWCZDNZ= 1245
c-

- 6 2

DN - 4fm2( 938 xktev )(4×10  nm )

4×15'5m  
=4×159×156m

=1.3×107 ev

F = 13 Mev not bad
=

4×15 bum -

,
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United REGION ? PC A) = / 44A # dx

€
"

44

ME. ) @
=
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}EaksiiCn±Dd×
6

~4

I
na

=

"

} [ ¥ . he,n(
since "¥ - sw2t¥)]

2 #n=
'

pc a) =
 i. ¥n( sina.I.sn#f )]• r . →

× n

0 4 31 L 3h54
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How about  very large n ?  PC A)
n→

0.5
,

the  classical result .

Bohr 's Correspondence Principle again .



Uncertainty ,
Grown Up

Remember the
"

standard Deviation
"

?

set  

of
N measurements , Xi

with mean
,

< x >

a  measure
of uncertainty is me  SD

,

re

✓ECxi_#
N

fE#5.k⇒?n±+a5§+n=K×→-zc×5#t t t
so o= c ×

.

>.< ×5
427 < × > 1

we 'll can this ( sxj



now : QM .

< × > =/ 4*14 dx fn the infinite square
 well

.

< × > = fokfesincntzx )fEsin(ntE)d×

=

Effjxsinzcniefydx
]

( × > = 2 .

E

L §
= hz

✓

( ×
'
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E golxzsiiluttx )d×

43
I

g. ya .
.
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'

"
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Momentum : ( Dp )
"

= C pz >
- (

p5
< p > = lot # F4d×

= Efolsincn # (E) E×lsinlm¥Dd×

= Efohsin ( NEE ) HE )( E.) cost "E)dx
^

odd . even  =  o

< p > = 0

cpz > = 14×15244=14*-431×9]d×

*
"

=

n2it2h2

T

ap=fn¥#o =✓n±fT



axap  = FE
,

. .fi#t
:

.

-

= Ez ✓high . z
=

Ez ✓ 3.28

n÷-
SO !

AXDPZ kz as  expected from the Uncertainty Principle


