
6.       Quantum Mechanics 2, 4

lecture 24, October 23, 2017



housekeeping

Exam 2 

Next Friday, October 27 

Thornton and Rex, Chapters 3,4,5, 6.1-6.3



today

more reality quantum mechanics





general solutions : 4 = A  sink ,x  sin thy sin kzz

hi  =  hit

Li

now 3 quantum  numbers  n , nznz .

when the total wavefunctim  is a product ,
the energies ( eisen  values )

are  sums :

( cube ) : En .mn

;
itIh2 ( ni +  n } +  ni )
zmE

with ground
state ; E

, , ,

= 3±E
ZME



First  excited state E  = GIN which happens for

ZMLZ

U ,  Uz N3

# )
3 states ,

each

I 2 I with some  energy

I l L

DEGENERACY : states  with same  energies but different quantum numbers

"
Lift the degeneracy

"

. ... by the introduction of some asymmetry .

elector or magnetic field

charge size vf box  away from  cubic





How about  we ?  wlo my car .

screen qolbs dripping wet  ⇒ m= 95kg .

€
3. mph ⇒ N= 1.34 Ms

#
E= knit  

= Yz( 95 ) ( 1.34T

D.
E E

 
85J

What's my quantum number ?

=

Eu =
ni hint

~  120cm
-

2mL
'

n.ie#ea*Io.f= (2) ( 95 )( 0.125 ( 85 )

Remember the

✓
( ¥,o→4Tqu

Correspondence  Principle?→ n = 4.6×1034



4 141
'

my Yn ? ← wphpppmpmn → ←
npmmnmmmy

-

4n=fE sixty )

first
zero

?

Hnfr } sit ( 460¥34 if= E sins (1.2×1034)

1st zero at  ×  E 3×1536 m

so
,

1412 is  effectively smooth



POTENTIAL  BARRIER
E

Et ,
- . - - - - . - - - - - -

- B

Vo .

EL - .
- . - .

- . . - - - - - - A

2  situations :

→

0

A
.

F. < Vo

:=
-

L

B
.

E > Vo
"

F-
 It



A . Energy less than the barrier

Total energy .

E= I + Vo
=

 constant .

ZM

if EC Vo then  E- Vo =  PI Co  ⇒
p  imaginary .

zur

I
v

can't happen

classically .

Classically : bounce off ,
so |Pbefne|= 1 Patter )



solve SE
.

 
-

I'm aI×jkx ) = E  Xcx ) × < o

- zhfndatikx ) + V. XK ) =  EXG ) × > o

lid DEEP =
-

2¥ .

E 441

k = ZMEN

F

duck )

In

= - k24G )

General solution : ihx - ihx

4 ( x ) = A  e + Be



|×>o] zhfntgtikx ) + v. XK ) =  EXG ) × > o

IIm ddtikx ) = C E - V. ) 4k )

ddtikx ) = Zm co- E) XG )
hT2

.2

d244)

D=
=  x

'

YK )

general solution :  4 ( × ) =
C£×+ De

"×

× > o



ihx - ihx

4k ) = A  e + Be
XCO

LX - xx

4C × ) = Ce + De × > O

The boundary
conditions  allow as to sohefn A. B. C. and D

4 ( × ) must be continuous

DYK )
-

must be continuous

:
(G) → o  as x  ex  - fn  × > o 4 ( x ) - a  unless C=o



4k )=Aeih×+Beih× xco

XC o ) =4( o )
xcu × > 0 y(×)=cE×+DE× × > 0

ih0 iho
- to

Ae +  Be = De

�1� A +  B =D

d4( o ) = d4Co)×>o
-

xco
-

dx dx

ihxo - iwo - xo

A line + BC - ih)e = DC - a) e

- D= = A - 13

ik
�1� t@ A + B =D

@ Did = A- B A - B =  

if D
n

2A -

Dcitixw )
�1� -  @

zB=D( 1 - if )



so
,

A  and B in terms  

of
D :

- ihx

x eo :

4Cx)<
= Is ( it if )

ei
"

+ Dz ( i - if ) e

- ax

xzo 4 ( × )
,

= De

Could go through a  normalization process .

we  can put back time - dependence

El ( x. E)
<

= A eihxeietlh +  

Bzihxeietlhi( hx - Etlh ) i C- hx - ietlh )
= A e + Be

→ ←

wale  increasing × wave decreasing ×

incident  wave  reflected wave



g-
reflected

form "

By =
( I - if )

e Fin )
incident

the " Reflection  coefficient
"

T  must  refer to probabilities
-

:

to barrier :

R = B*B
=

( tif ) ( l - ¥ )
= ,

-
always  reflected

A*A
-

( tif ) ( it if) bin classical .

But "

4k )
,

=

Dee
exponentially decreasing .



E

. f
# G. ⇒

,

Y . -
IK )

,

after  some wnh :

4 ( × )
,

=  Dwshx - DE sinhx
EL -t.NL - - - - A

→

→  a  standing wave .tn VIC x. E) 0

Pwnonilitn :  I
*

K€7 I Kit )
±

.

# k ) ¥ G)

Vo @
AEL - .

 - .  - .  
- - .  - - - - - -

→

0



\4 - e-
xx

charctevize "

penetration - depth
"

standard way
:

- xx

e e- 1=0.368

E
' €¥ Here £=✓zmwo-#A

-

x= 1- t
x

wauefunction lead into the
ax  = I

classically - forbidden regions 2m(Vo-E)fn
 classically - sized obiects AX tiny .



E

E
,+

- . - - - - . - - - - - -
-

 B

How ahmt B ?

÷.

Thrih about  it
. since EH > V

.
→

0

- Ehn date
.

+ VY =  EX

days -

2mqV4=
-

age

E4yx<_o
,

no d÷¥=
-

¥fE4
= - h?44¥=

-

IF ( EN ) \
, no ,v=vo DIE -2¥ leak

= - hit
h

,

= fee =

Rz P

both waves

hz=✓2mn¥# =

BE
⇒

Pj{yPl
,

MATHEUATKA



E

FINITE SQUARE WELL

✓
o

{ less than Vo
. . .

Inside
. .

. E - .  . .  . . . .  . . . . .  - . . .  . - - - - - - - - - - - - -

⇒
"

inside
"

#
→ x

0 L

put  classical particle  in Reaion  I → trapped & confined : E  < Vo

REGION TI

SE
.

V ( x )=o
- zktmtglxikx) =  END =

AIi4(×)
ZM

E  =p
'

= Azht d24Cx)
-

-

a
=

- w4Q )
ZM ZM

.

general solutions :

ihx - ihx

4.tk ) = Ce + De

Standing waves again



REGIONS  I  &  I ?

V=vo xc O £
.

X > L

Ihfntglxikx ) + Vikx ) =  EXK )

zhImd÷×ixG)= ⇐ to)4cx)

dg÷MQ) =  +224 x2=
2¥ .

( vo - E)

To

NOTE !  There  is  a  solution .

.  →  not  a  classical thing .

General solutions : 4k ) = A  £×+  BE
"

as  x→ - a 4 →  o

I I

¥ ( x ) = Aek

×<o*

13=0

4# G) = Ae←+  BIN as  ×  →  a  X# → o

- xx
A=o

Y# G) = Be
*

x > o

*  Both - exponential



E
ihx - ihx

Vo He 4
#

G) = Ce + De

E . . . . - . . . Vane. ... ... ...

4I
/ - 4

# 4±(×)=AE×
xx

LI

e - in > ×
- xx

. ish
0 ±ihx L e - xx

e . ish
y# G) = Be

Actually ,

hard to solve

Energy iterate :  , ) estimate  E

En=  n 'T # 2) calulate  x

-

.

2m( Lt %) s ) plus into En

-
4) get  new E

x= ✓ ZMC Vo . E)
- 5) recalculated
hi

6) .
.

etc  until precision  is

*
is energy . dependent acceptable



\4 - e-
xx

charctevize "

penetration - depth
"

standard way
:

- xx

e e- 1=0.368

E'ft€× Here £=✓zmwo#A

-

x= 1- k
x

wave function lead Into the classically . forbidden regions



BARRIERS AND TUNNELING
E

vo
-

I  I E

0
L X

TWO  CIRCUMSTANCES :

E

E - . . . . . . - - . -
- -

A
.

E 7 Vo Vo
-

I  I  E

0  L  X

E

Vo
-

B.

OLECVO
e . . .

. - - . - - - - -

I  I  E

0  L  X



E

E - . . . . - . - - - -
- -

A
.  Vo

- Assume Pontius  move  →

initially .

I  I  I
transmitted

0  L  × reflected < mm

I
'  

-

zE[d}×P(
x ) = Eye u=o

incident nns km ,

I  I

ihx - ihx

I ,e4§x)=-546 ) →4±(x)=Ae + 3e k2=2m±
I tie

I

dz×y¥) + 2÷dE-44*1×1=0 q2± anew ) > o

he

dyed = - a- YK ) → ¥ G) =Gei9×+Fei9×

II same site
.

 as I
.

ihx - ihx

4# (a) = Ce * De

G  D= 0

( nothing incident from RHD



Boundary Conditions :

YQ ) and d¥×K) must be continuous
4±l×l=Aeih×+3eih×

4# G) =  Gei9×+  
pji9×

ihx

at x=0 4±( o ) =4±C o )
4#k)=  Ce

At  B = G + F

ix.  a  4±( a) =4,±( a)

Get 99
+ fji9a = ciha

x=o

d¥ld±
=

FILED

Aiheihot BC . ih)eih°=  igGei90+f(_iq)ei90
h( A - B) = 9 ( G - F)

x=a d÷kga)±  = dz×4K)±

iqGeiEiqrji9a=  
iheeiha

4 equations ,
5 unknowns A. B. G. F

,
C



A. B
,

GF  C

2

Make ratios : |Ea| → like a transmission Me

•

Past  the barrier

•

@

T= | ftp.4ECE#vo2sin2qat4ECE.Vo)

|BqT= R time  reflection

R = Uo2sI9a to  if Voto

visintqa  +
 4EC E- Vo )

if ✓
•

→  0 T→1 and R→o

now
. -

fn the fun part -



E

B
.

Vo
-

E . . -
- - - - - - - - -

±
.

4±k)=Aeih×+Beih× ✓

I  E  I

0  L  X

LI .

before : q2=. 2m(€Vu ) > o

to
-

like the  step ,

E- Vo < 0 so 9 =)2M¥70
) is imaginary

h

÷÷✓zm(Vo . E) 9=-1 ; 8=yl=28

X±iGe¥s+,=z±s
8mW

.
. ⇒

# . 4# ( x ) = Ceiht as before .



Same  energy / frequency I £
.

 IIMN -
mm

reduced probability # Us  I

I  I  I

T=
4 E. ( Vo . E)

- if  =/ 0 transmission happens

vs snitiztg + 4ECvo . E)

R= Vo2snih2Yzgvo3inh2tg+4EWo
. E)

TUNNELING → huge application and emanating power



L DECAY - 1926 George Gamow .

ECMEV )
pyaeposteshfd

U238 →  £ decam  with 4. 2nd ×

g. ao - .

light
=

measured coulomb - him potential repulsion ( + )

4.2 -M%fc.at#keIecayis  a tunneling phenomenon#BARRHi r
,

ER r

: %|/kmwn
from Rutherford scattering wih 8.8 Mevx×

Fusion
21++2 H → 2h + h + 6.4×15

"

J

-

Coulomb barrier → D - D  apart  until they tunnel



Molecules E

s ✓

Tifffeooateraetoemotiom:aan±I
E =

T deeply bond  electrons

Scanning Tunnel Microscopy ( STM )

±-8%qap
scan tip

✓
= DI § ←

electrons tunnel tiny current  sensitiveLmmmm
atomic  surface to  distance

,

d

- measure potential peaked ,

Valleys

- Can depmsit  electrons



Inversion NH
,

ammonia

-

,a
o

g

-

,a
o

q

0 0
'
O'

0 → 0cgN N

T

3 H  atoms  in plane

Q ×

- a a

run

tunnels ton one to the other - radiation emitted



Floating Gatetvausistor Gate

Flash memory .
l•

.

Floating

METItMHNhMLNn

* Gate
4 Mama

IWOSFET transit 4411111114116164 ,

4110kWHENGa .ae
Drain

.tt#yyHHyyg*gfqgggEosomemeFnihn4%1%4/10'xH##KaDrain

.tn#YffffHyyyfyYqYyyFs0me aaepoxwtiaeeffeaiem" # 's %taceyE E

power
- oftmuoohavqe

✓

€2
- to  →

Kfx

p
x

tenuto*

Metal oxide field effect transistor floating gate

power  off ... floating gate  still

charged - decades


