


9.       Quantum Statistics, 2
lecture 32, November 13, 2017



housekeeping
Honors project 

Instructions for 3 people are up 

that was easy 

This week, remember: 

homework workshop will be Wednesday 

homework will be due Friday 

lectures will happen M,T,F



today

statistical physics - classically speaking

quantum mechanically





Last Friday : game of
6 molecules

,
9

energy
states : goal to

count #

ways
to make

Etotae
=  

8

← o 20

But  now let the 6 molecules

be distinguishable
:



Distinguish  ability took to
 =

,
<

(
o o o



Then
, using distinguishably as hey .  . .

from  an  ideal
gas

:

Maxwell velocity distribution  → Maxwen speed distribution

0
M¥

fcv
, ) = Fm

I
ZIHT

ncv ) dv
=  n

( zyfn ,
)%4itv2

e-
 "

%htdv

Then .
 

- changed
to  enaam

:

n # DE
= "

off ⇐ p
, ,

Ethe
# ht

de ideal
gas

-

EAT
-

Elht

n (E) de  = A e DE general FMB
= A e

NCE ) =

g
(E) Fm

,
(E) Density of

states
| Maxwell - Boltzmann

Distribution Function

number
of ways a system  can  

achieve an  
energy

E



w
, discretely .  . .

nCEi)=
gi

( Ei ) Enis (E)

-

Elht

FMB
= A e

÷the MB distribution  Is relevant fn  classical situations

1

✓

indistinguishable'ty
not  relevant

can  still be quantum
mechanical

in the sense of quantized

energy States .  
.

.



In A stellar atmosphere
 

of T=3ooo K
.  -

what  is  me  relative

population of
the

ground state and first  excited state fn

atomic hydrogen ?

En=
-

131 EU
gn

=  n2 Ei=
. 13.6 EU

h ?
Ez= - 3

. 4eV

n
,

=

g ,
A [

EYHT

Nz
=
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A  e-

EYHT

- Ezlht

n÷ = of e-
- ( 13-6 - 3.  4) /hT

=
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 '
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Eilut

=

F E

ng
=

4£39 e 3×15
"

⇒ overwhelmingly in
ground

state



When classical &  when quantum mechanical ?

• •

t t

MB applies something else applies

Talue  our gas  again

QM

%hT= tz It - p  = k

ZM X

if X ( < average
distance between

molecules  =) classical

-

should be
good .

p=✓3mhT

so X =

Stay
< ( 3k£ . "

ish

so  when :

(Np ) ghjlmnph
< < l we  would expect  MB

to be
ohay .

high
T anoyor  small m



Can MB statistics be used for
hydrogen gas @ STP ?

STP ⇒ N =

Na  
=

 6.02×(023 molecules
mol

# in ✓ = 22.4L = 22.4×(0 '3m3 4 T=3ooK

MHz
= 3.34×(5

"

hg .

(F)
(
zhm÷gq=

(6.02×-53)(6.626×1534)=(22.4×153)
( 3) ( 3.34×1527>(1.4×1523) ( soo )

= 3.37×155 < < 1

so MB statistics  can be Used .



Go back to the Energy -
box

game
.  →  consider quantum

mechanics
.

distinguishable with →  indistinguishable 'ty

For that  E=8 state  which had 6 distinguishable

microstates .
. .

now we trace
just 1 :

Mac (1)
•

is  indistinguishable from the other 5

•  •  •  •  •

⇒ 20 distinguishable states
,

all equally

likely
→  no restriction  on  number in

any
state '⇒ BOSONS



8 •

The  average  number
of particles  with E=O

Mad 1)
for Mac (1) =

5

o •  •  •  •  •
~ likelihood

of
Mac ( 1)

( no ( , ) ) =  

no
(1) p ,

in T [
in Mach )

average

#
E=o )# with E=O

⇐ s

for Mac (1) 1

( hold )
= 5 = 0.25

7-
•

< no (2) > = 4 ( fo ) = 0.20
Mad 2)

1 -

•
0

•
 

•
 

or•

< no > = IE
,

Cnoci ) >
= FE

,

nolilpi  = 2.45



f

"

Bose - Einstein
"

F- NMB N
BE

0 2.31 2.45

I 1.54 1.55

Z 0.98 0.90

3 0.59 0.45

4 0.33 0,30

5 0
. 16 0.15

6 0.07 0.10

7 0.02 0.05

8 0.005 0.05



More quantum  mechanics :

indistinguishable - Bosons

+

no state  can have  nine

Pauli exclusion principle
- Fermions :

than z s= tz

particles
Mad 1) Mad

7)
8 • 8
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is  illegal
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•

4
. dilto
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. •  •

were than 1
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)

Mac(|4)Mack
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3
3

so < no

}=;
E.

,

Cnoci ) >
=

E.
,

nolilpi

7

/
= z ( f ) + z (f) + zlts )

= 2.0

Fermi . Divac

Complete the table
'

.



F- NMB NBE NFD

0 2.31 2.45 2

I 1.54 1.55 1.67

3

Z 0.98 0.90 1 •

•

2 •

3 0.59 0.45 1

••I •*• •

4 0.33 0,30 0.33 •8.•@••.••••
•  •  •  •

5 0.16 0.15 0
0 1 2 34 5 6 78 I

6 0.07 0.10 0

Differences  win be uoticohde

7 0.02 0.05 0
with more particles

8 0.005 0.05 0



Remember YA and Us

4

appropriate
^(

appropriate for  BE quanta

for FD

quanta

2 identical Bosons :

4s= # [ 4 (c) 4.1 2) + %( c) 4. ( z ) ]

t

normalization

Ask ya & %
× & B :

 an identifiers fn
"

a state

"

are  normalized .



Put both in same state  ⇒ x  
=p

4s= # [ its ( i ) 4. (2) +  

Ypl 4%4 ) ]

4
,

= rz %( c) %( 2)

so 45*4
,

= 24×54454%4%4

Suppose  indistirguishability not  required
-

 
-

Then

4
,

= 4. G) % (2)

same state : Xp
*

4
,

=  494 )4n*H4p( 1) % (2)

Notice :

phs ) = 2 PHD )



How about 3 sink particles ?

4s= @ [ 4x ( 1) Yrtylyts ) + % 4) X. (2) 4. (3)

+  

4,11 ) 4. G) 4. G) + 4. (c) 4. G) Hats ) 6 terms .
 .

+  

%( 1) % G) 4
,

(3) + fall ) yy (4%13) ]
OBTW = 3 !

same state ⇒ L =p = 8

its = Me. 6 4k 1) 4. (2) Xp G)

ys*ys= to .
624144151%43%44.14%6 )

÷.

( 3 ! ) 4,54
,

indistinguishably

of

4s*4s =3 ! 454
,

[
an  enhancement effect fnn

Bosons : h !



Think
of

it this
way

:

Imagine
 an  empty state .  .

.
 add a boson  ⇒ P

,

=

probability that

it  win land in

state 1

Add more
.  

. .

each would have
same probability

for distinguishable quanta

PND = P
,

"

. P
,

D

. PP .  . . PP

-

= ( p
,

)D

" times

But  
:

For distinguishable
- Bosm - quanta

PNB =  n ! PM = n ! ( P
, )

"

stay with me .  . .



The probability that there would be ntl

PB = ( ntl ) !Pn+ ,
ntl

note ( ntl ) !  
= ( nt1) n ! ( nt  1) ( nil - 1) ( nti - 2) .  . -

÷
.

Pnijs = ( n+i)n ! Pn+ ,

and Put
,

= ( R )h
"

= ( P
, )

"

P
,

=

PNDP
,

so pnB+
,

= ( nti ) n ! PDP
h I

: B

Pn '+3
,

= ( nti ) PNBP
,

= ( n + 1) P
,

PNB Pooh that there

a-
are  n  in state

\
mob of adding 1 D

'

ably .

⇒ if there are  already n bosons in state

probability that 1  more can add is Cnti ) x P
,

D



EQUILIBRIUM

Imagine  a collection
of distinguishable particles  in thermal equilibrium

They each have
energy

. .  . can't influence the others  except  in

elastic  collisions

as  consider 2 different  
energy

States E
,

and Ez

Average  number with E
,

:  n
,

Average number with Ez :  nz

can

I → 2
.  - average

rate  Riz per particle

2 → 1
.  

- average
rate Rz

, per particle

Total rate at  which particles go
l→2 :  ni Rn

11  2  
→ l

'

.  Nz Rz
,

If that's an That  can happen

in
, R|z =  Nz Rzg



So then ni
=

Rzt

a
Rl -

z

average
#

n
, of particles to be In E

,

is
gotten

from FMB

-

Ei/wT

n
,

=  NCE
, )

= Ae

-

Ezlht

ditto  nz=n( E.)
= Ae

So -

EYHT

n
, e Rzi

-
=

-

=
-

nz
- Ez/hT Riz

e



Remember the Boson enhancement .

Equilibrium
:

n ,RB,→z=nzRBz→
,

relate to distinguishable form
,

D
,

RP→z = ( ltnz ) RP,z

RBZ
. ,

= ( in
, )RP→

,

so ! n , ( ltnz )RP→z =  nz ( in
,

)RPe
,

D
- E. ( ht

n
,

( tnz )
= Reel =

@

=z( ltn , ) Riley €
-

Ez/ht



D
- E. ( ht

n ,( tnz )
= Reel =

@

=z( ltn , ) Riles €-Ez/hT

+
EYWT

+
Eslht

ni e
=
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= HCT )

HM ltnz

let hct ) = e-
 " →

+EVWT

I e = h

ltni

-

EYWT
- L -
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I = hie
= e e
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- ( Lt
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n
,
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n
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NBCE ) =
1-

the Bose Einstien  Distribution

detail
hod cons

et =

Best
.

Fermions - - .

same  argumentation  → an  inhibition factor

RY→z = ( I - nz ) Rpm

RE
, ,

= ( l -

n
. ) Ree

,

: same

a

1

n
,= (E) = -

hook calls @£=  
Bpd

of e

# ht

+ 1 see problem 9-21



Three Probability Distributions

EAT > s 1 oo

*
BE

FMB
=

Tent tiny
FCE )

A e

.

g.
,

.gg
. ,

, pm
.

,.\,⇒¥¥
FED

=

E¥ →
F

C e +
1 MB


