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housekeeping
The end game: next slide 

Quiz was messed up. Fixed at 21:45 last night 

so you may turn it in at the Final 

Particle Physics: 

Readings: Oerter, Cosmic Horizons, and Hobson 

Hobson_quantum_fields.pdf is chapter 17 

Homework #13 is: partly from MasteringPhysics - normal due date 

      partly on paper…see the blog 

Feynman Diagram rules 

3 movies in the lecture slide directory - you’ll need them for homework and the 
final 

they are: primitiveDiagrams_X. mp4                where X = 0,1,2  2



last 2 1 weeks & final
Homework #13 will be assigned 4/21 and due 4/28 - normal rotation 

On-line final exam will be assigned Sunday, 4/29 and due Tuesday night, May 1 

will cover material since midterm plus the last week of class  

There is 1 more 10 point quiz (stay tuned)… 

only the shadow knows when…actually, watch the blog. Quiz up tomorrow, return Thursday in class.  

Remember when I was sick? 

been trying to catch up, but not going to make it. Hence: 

Final Exam day: 

1. You’ll arrive at 0745 on May 4, here. I know. 

2. I’ll provide bagels. You supply liquids. 

3. We’ll have a quiz. 

4. I’ll finish with about a 1 hour grand finale, lalapalooza, mind-bending lecture 

5. You’ll do your Feynman Diagram Project 

6. There will be no poster project this year
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I’m did rethink this, do it by 
May 4th midnight , but no 
presentation



now hear this:
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honors project ended
https://qstbb.pa.msu.edu/storage/Homework_Projects/honors_project_2018/ 

contains: 

 the first instructions: the plan & tutorial 

the second instructions – v2 uploaded, added a missing student 

the data, assigned by name in the second instructions - see next 

dates: 

complete first part, March 16 

analyze data by April 24 and hand in complete writeup at the final exam
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https://qstbb.pa.msu.edu/storage/Homework_Projects/honors_project_2018/


I need a Section 2

to test the Z-path uploading machinery and instructions 

You should be able to do it now!
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have



Physics and Astronomy Colloquium 
4:10pm today…this room 

Professor Alan Nathan 

University of Illinois 

Title: Recent Advances in the Physics of Baseball  

After reading Bob Adair's classic book The Physics of Baseball over 20 years ago, I thought I knew everything there was to know about the 
subject. Since then I have learned much, much more, due in large part to some superb tools that are now available. These tools, which I will 

describe in the talk, allow detailed studies that were not available to Adair at the time he wrote his book. The advances have come in two broad  

areas: The aerodynamics of a baseball in flight and the physics of the ball-bat collision. Not only have these advances furthered our 
understanding of the physics, but they have also had a practical application to the game itself. I will give several examples, including some of 

the following:  

What is the role of the batter's grip during the ball-bat collision? 
How do atmospheric conditions affect the flight of the baseball? Why the recent surge in home runs? What is the "launch angle revolution”?

What's the deal with the humidor?  

I will sprinkle the talk with amusing high-speed videos and ancectotes about our national pastime. So, the talk should have something for 
everybody, whether your interest is primarily physics, baseball, or the intersection between them.  
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Standard 

Model of particle physics



definite 
predictions

of Weinberg’s 
model
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1.	The	W	Boson	should	exist

2.	An	addi4onal	“Z	Boson”	should	exist

Many	physics	reac4ons	relate	Mw	to	MZ

3.	This	Z	Boson	and	the								are		
in4mately	related

�

4.	The	Higgs	Boson	should	exist

any	reac4on	with	a	photon,	must	also	
happen	with	a	Z 0

0.	The	weak	and	electromagne4c	
interac4ons	are	two	aspects	of	the	
same	force

✔

✔

✔

✔

✔



the Standard Model and Higgs
“symmetry breaking? Maybe points the way?
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remember these energy-shapes





like any 
particle,

we predict and 
then search for its 
manifestation 

through its decays 

Your final entries 
into the Primitive 
Diagram 
collection
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the big story of the 
Standard Model

is the story of mass.
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How the 
Electron 
got its massH

e



outside	of	the	
field

The Universe 
was very hot
and all was 
massless

ONCE 
UPON ˝

A ˝
TIME



inside	of	
the	field

Higgs Field˝

 became manifest 
and all became 
heavy

At a Magic 
Temperature˝
The Universe 
expanded and 
cooled and a



mass was born  

in the Higgs FieldH



TCritical
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TCritical

No Higgs Field
Higgs Field 
forever



vacuum had empty fields 

now it’s full of 
Higgs Fields



where’s

the antimatter?



what	the	heck

is dark matter?

watch the off-line movie: 
https://qstbb.pa.msu.edu/storage/Extras_2017/DarkMatter/ 
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Where 
we’re 
going:
The Hot Big Bang 
Model 

We: 

will flesh it out 

speculate beyond 
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Standard 
Model of cosmology



And 
here’s 
what you 
missed in

 25

COSMO							OGY

Einstein	invented	General	Rela4vity	and	applied	it	
to	the	whole	universe.

He	didn’t	like	what	happened	and	so	he	added	the	
Cosmological	Constant	to	stop	the	Universe	from	
expanding

Lemaitre,	Friedmann,	Robertson,	Walker,	
deSiTer...and	others	solved	his	equa4ons	
with	and	without	the	Cosmological	Constant.

G = Tgeometry energy,	
pressure,	mass

G + ⇤ = T

It	became	useful	to	describe	the	expansion	of	the	
Universe	in	terms	of	the	Scale	Factor,	R(t).

Hubble	found	that	the	Universe	was	
expanding.



R(t )

time

FLRW catalogue of Universes
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⇤ < 0 ⇤ = 0

⇤ > 0

k = 0

k = +1

k = �1

⇤ = ⇤E

R(t )

time

R(t )

time

R(t )

time

R(t )

time

R(t )

time

R(t )

time

R(t )

time

R(t )

time

R(t )

time

⇤ > ⇤E

Einstein

Lemaître-
Eddington Lemaître

cri4cal

open

accelera4ng

accelera4ng



value:		

units:	

usage:		 	 	
	 	
	 	 	 	

constant	of	
nature: Cosmological	Constant,	Λ

Einstein’s original: 

length-2 

In the Friedman, Lemaître, 
Walker, Robertson models

⇤ = 4⇡G⇢
c2



refers	to:		

example:		 	
	 	 	
	 	 	 	

rela4on	alert: Hubble’s	Law

																					

where	v	refers	to	the	measured	velocity	of	a	
galaxy	(from	the	redshi\)	and	r, 	the	
distance	to	the	galaxy,	originally	from	
analysis	of	Cepheid	Variable	stars	within	the	

v = Hr



value:		

units:	

usage:		 	 	
	 	
	 	 	 	

constant	of	
nature: Hubble	“Constant”

H0 = 67.8 ± 0.9  

(km/s)/Mpc (1Mpc = 3 x 1022m) so       
H0 = 2.46 x 10-15 s-1 

fundamental measurable in 
experimental cosmology



the “red 
shift”

isn’t a Doppler 
velocity 

it’s geometry

 30

early

late

close



George 
Gamow

universe born 

hot primordial soup 
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If	not	the	Father	of	the	Big	Bang,	at	
least	the	Crazy	Uncle	of	the	Big	Bang.





Mmmm,	Mmmm	Good....



10�43s 10�6s10�9s10�12s10�15s10�18s10�21s10�24s10�27s10�30s10�33s10�36s10�39s

e l e m e n t a r y  p a r t i c l e  e p o c h

1022 K1027 K 1021 K 1018 K 1015 K

particles

particles

f

f̄

aµ, Bi
µ

aµ, Bi
µ

f

f̄aµ, Bi
µ

aµ, Bi
µ

presumed	that	
processes	are	in	
equilibrium

?

10�36s10�39s10�42s

“Quantum	Foam”



hadron	era nucleosynthesis	era

10�6s 10�3s 100s 103s 106s 109s 1012s

n u c l e o n  e p o c h

1013 K 1012 K 1010 K 108 K 107 K 106 K 10, 000 K

p

n
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e �

e

e

e

e

opaque	era



1012s 1015s 1018s 1021s

light	era our	era dark	era

g a l a c t i c  e p o c h

3000 K 1, 000 K 2.726 K

now

1 My 13.7 By380, 000 y

p



prior to 3 minutes: balance between 
radiation and particles.
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ff

ff

short	wavelength	photons	=	high	frequency	photons	=	high	energy	photons	
lots	of	mc2	available–can	make	heavy	par4cles

Early	moments:



prior to 3 minutes: balance between 
radiation and particles.
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ff

ff

Later	moments:
space4me	has	stretched!	
longer	wavelength,		lower	frequency	=	less	high	energy	photons	
less	mc2	available–can’t	make	heaviest	par4cles



heavy species “freeze out”: pairs cannot be 
created any more

 39space	stretching	→	
Eme	→	

energies

melectronc2

mheavyc2

mreally	heavyc2

e-

B

S

below	this	point:		
can’t	make	BB

2melectronc2e+

B B

γ + γ
2mreally	heavyc2

S S 2mheavyc2 below	this	point:		
can’t	make	SS

�

�

f

f

from:

wavelength	stretching...	

energy	shrinking

below	this	point:		
can’t	make	anything!



remember
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many	high	
energy	
photons:	
create	new	
par4cles,	ionize	
atoms,	
disintegrate	
nuclei

at	some	point,	they	are	too	low	in	energy	to	do	
anything...they	just	hang	around.	
about	70,000	years	aHer	BB



there is 
a magic 
point

at which atoms 
can start to form 

“recombination” 

which is an odd 
name, since 
there wasn’t a 
“combination” 
yet!
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p

e

p

e

le\-over	photons	ionize	the	
baby	Hydrogen	atoms

At	one	point...about	1012-13	s	-	370,000	y:

AHer	protons,	neutrons,	and	electrons	are	stable...

the	photons	don’t	
have	13.6	eV	of	
energy

The	Universe	consists	of:	a	plasma...charged	par4cles,	
unbound...freely	moving	around.	Opaque.

Bingo.		
We	have	H	atoms		
(and	He)

The	Universe	has	
suddenly	become	
transparent	to	
photons

There’s	nothing	
else	for	the	
photons	to	do!



 42



the photons that are left?

just hanging around 

getting “longer,” making trouble, but not making new matter

 43



There are two critical times

that confirm the Big Bang 
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1 2



                                      
3 minutes      370,000 years

(all within the first 15 fake-minutes on 
my calendar)
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the Cosmic Microwave 
Background, CMB

about 370,000 y after BB

 46

1



George 
Gamow

predicted this 
left-over radiation 

those left over 
photons would have 
started out hot... 

but cooled as the 
Universe 
expanded 
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1948	with	collaborators	Alpher	and	Herman:	
predicted	a	le\-over	electromagne4c	radia4on	

Alpher	and	Herman	predicted	it	would	be	distributed	
across	the	Universe	in	a	Blackbody	Spectrum	shape	at	
a	temperature	of	50	K...microwaves	

nobody	paid	aTen4on...or	remembered.

Ralph	Alpher	
1921-2007

Robert	Herman	
1914	-	1997

1993,	the	Na4onal	Academy	of	Sciences	gave	
Alpher	and	Herman	the	Henry	Draper	Medal

Hans	Bethe	
1906-2005

“αβγ paper”

http://adsabs.harvard.edu/abs/2007BAAS...39.1051K
http://adsabs.harvard.edu/abs/2007BAAS...39.1051K
http://en.wikipedia.org/wiki/United_States_National_Academy_of_Sciences
http://en.wikipedia.org/wiki/Henry_Draper_Medal


so, all these cold 
photons left

the phone company was the hero
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satellite 
communications 
are usually 
microwaves

ATT cell phone 
frequencies of  

~2 GHz 

~15 cm 

microwave ovens
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where we’re going



the phone 
company

ATT Labs, 
Crawford Hill, New 
Jersey 

1963 

Arno Penzias 

Robert Wilson 

sensitive to 
wavelengths of 
7.35 cm, 4000MHz
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Echo



microwave hiss

everywhere... 

with a special frequency distribution

 51

intensity

Penzias/Wilson	wavelength

atmosphere becoming opaque



down the road

Jim Peebles and students, David Todd Wilkinson and 
Peter G. Roll 

redid Gamow’s calculation…forgetting that it had been done! 

Robert Dicke was thinking of building a receiver
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Penzias called Dicke…



a blackbody spectrum

of ~3K above absolute zero 

the peak is limited by the atmosphere
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Now	called	the	“Cosmic	Microwave	Background,”	CMB	

balloons	to	get	above	atmosphere	to	
measure	infrared	wavelengths



Penzias 
and 
Wilson 
1978
gave credit to the 
deceased George 
Gamow.
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The Cosmic Background Explorer (COBE)

mission launched in 1989 to measure the CBM 

COBE measured E&M radiation as a function of 
frequency outside of the earth’s atmosphere 

 55

showing	precisely	the	blackbody	spectrum	for	a	
temperature	of	2.726K



But they went further

and mapped the “sky” in various wavelengths – 
temperatures 

and built “false-color” thermo-maps – pioneered a Method

 56



This is the newest 
one

Planck...gives you the idea

 57



gotten 
better 
and 
better

 58

Blue	=	2.7279	K...	
Red	=	2.7281K		
a	span	of	0.0002	degrees

1

Blue	=	0	K...Red	=	4	K

Universe	looks	preTy	smooth

Blue	=2.721	K...	
Red	is	2.729	K

The	Yin-Yang	shape?	
Doppler	mo4on	of	the	
Sun	rela4ve	to	COBE

<---	Milky	Way

An	all-sky	image	(like	a	
Mercator	projec4on)	of	the	
sky…



John 
Mather 
and 
George 
Smoot 
COBE principals
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opaque

this is 
very 
convincing

Heck. This is 
amazing! 

We can see the 
left-over, cooled 
radiation from the 
BB 

everywhere in the 
cosmos at the same 
temperature
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can’t	“see”	any	
further	back	than	this



now we know that the universe had a 
beginning

Stars are finite in number, and finite in lifetime - they have not 
been shining forever 

you can comfirm that tonight. 

the initial hot radiation...now cool and measured to be uniform 

and everywhere
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It’s smooth...

universe is isotropic and homogeneous 

That’s good!

 62



It’s smooth...

universe is isotropic and homogeneous 

That’s bad! We’re here! Our Stuff is here!
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stay	tuned.



There is 
structure 
in the 
universe
galaxies 

planets 

you, me

 64

And, that’s true. There is non-random structure: 
These filament-like strands are combinations of 

11,000 galaxies (MW at the center). 

Final	4	year	exposure	of	COBE	with	a	model	of	the	
Milky	Way	microwaves	subtracted



Helium.

about 3 minutes after BB

 65
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George 
Gamow
tried to make the 
Big Bang make 
elements 

failed for all but H, its 
isotopes, and He 

Fred Hoyle 

figured it out 

the heavier elements 
had to be made in 
stars

 66

Remember	the	isotopes:	
H	 1	proton	
D	 1	proton	+	1	neutron	
	 Deuterium	
3He	2	protons	+	1	neutron	
	 “Helium	three”	
4He	2	protons	+	2	neutrons	
	 “Helium	four”	-	regular	He	
	 very	4ghtly	bound	together



~3 min ABB, cool enough for protons & 
neutrons to fuse
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n

p

*	stay	tuned

n
p

n
p

p
pnn

n
p

p
pn
n
p

a	delicate	chain...correlated	temperatures	&	densiEes	

a	criEcal	test:	it	was	all	over	within	a	minute.	

All	natural	deuterium	must	have	come	from	the	Big	Bang

p	+	n	→ deuterium	(np)	+	γ

(np)	+	(np) →	3He	+	n

3He	+	(np) →	4He	+	p



“primordial 
Helium” and 
Deuterium
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AccounEng	for	the	Big	Bang	producEon	of	light	
elements	by	mass-fracEons:	
H		 ~	73%	
He		 ~	24%	→ 	 cannot	have	come	from	stars	
D	 ~0.01%		 	 cannot	have	come	from	stars	

equal	in	all	direc4ons

2
data,	4He

data

essen4ally: # baryons
# photons

Theory	Predic4ons	
___	___	___	___ T

3He	theory	

T
T

T

data,	3He

data,	Deuterium

data,	Li



The Hot Big Bang Model is very highly and 
precisely confirmed.

From 10-10 seconds after the BB 

our understanding of the Universe is standard physics

 69



symbol:		
charge:	
mass:		
spin:	
category:

par4cle: the	universe

0	
6	x	1051	kg,	size?	~46	BLy	
?	
the	one	we’ve	got

$



so.	about	the	Universe

How	old	is	the	Universe? We’re	sure	of	that:	13.82	±0.050	B	years

How	big	is	the	Universe? Thaaaat’s	a	toughy:	mul4ple	answers	depending	
on	how	you	interpret	it!

You	could	say	“13.82	Light	Years”	in	radius.
From	this	way	of	thinking:

A B

How	far	away	is	the	boat?		OA?	...like	the	13.82	B	years	number.

O C



so.	about	the	universe

How	old	is	the	universe? We’re	sure	of	that:	13.82	±0.050	B	years

How	big	is	the	universe? Thaaaat’s	a	toughy:	mul4ple	answers	depending	
on	how	you	interpret	it!

You	could	say	“13.82	Light	Years”	in	radius.
From	this	way	of	thinking:

A B

How	far	away	is	the	boat?		OA?	...like	the	13.82	B	years	number.

O

OB?	...you	know	that	the	boat	is	at	B	when	ducky	comes	home.

C



so.	about	the	universe

How	old	is	the	universe? We’re	sure	of	that:	13.799	±0.050	B	years

How	big	is	the	universe? Thaaaat’s	a	toughy:	mul4ple	answers	depending	
on	how	you	interpret	it!

You	could	say	“13.82	Light	Years”	in	radius.
From	this	way	of	thinking:

A B

How	far	away	is	the	boat?		OA?	...like	the	13.82	B	years	number.

O

OB?	...you	know	that	the	boat	is	at	B	when	ducky	comes	home.

C

If	the	ocean	stretches	over	4me...you	might	even	say	that	it’s	OC	away.

In	these	“co-moving	coordinates”...the	universe	is	about	46	BLy	big.	

our	observable	patch	might	be	only	a	small	part	of	a	larger	universe

I	tend	towards	this	one.



Size	of	the	Observable	Universe?

Hot	Big	Bang

10-40 10-30 10-20 10-10 1 1010

Time,	seconds

10-60

10-40

10-20

1

1020

1040

Radius	of	
Observable	
Universe,	
meters



But. There are a few issues with the 
Standard Model of Cosmology

famously called: 

1. The Horizon Problem (or: Smoothness Problem) 

2. The Flatness Problem (or: Fine Tuning Problem ~ the Age problem) 

3. The Structure Problem 

4. The Antimatter Problem (or the Baryon Problem) 

5. The Relic Problem (or the Monopole Problem)
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a word of warning

colloquially, we might refer to: “Why is X the way it is?” 

scientifically, we almost always mean: “How is X the way it is?”

 76

Why	ques4ons	are	usually	not	physics	ques4ons.



curvature, “k” – hypervolumes

 77

These	3	are	the	only	
geometries	that	can	be	
homogeneous	and	isotropic

k = 0, no curvature 
infinite, unbounded

k = +1, 
positive curvature 
finite, unbounded

k = –1, negative 
curvature  
infinite, unbounded



want to know the curvature of the Universe

linked to the fate of the Universe 

and to its origins

 78



curvature 
of the 
universe

will be formed by 
the distribution of 
mass, energy, and 
pressure
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would depend on:

Hubble Constant, H

Mass density, ρ

curvature, k

Like Goldilocks:

if H and ρ are just right… 

the universe will be flat

k = 0 ....would	mean	flat.



follow along:

The Friedman equation relates curvature of the universe to its density,  ⇢
<latexit sha1_base64="QIl7L6w6tcvL33FD+OIIBNAHoHk=">AAAB63icbVDLSsNAFL3xWeurPnZuBovgKiQtaN0V3bisYB/QhjKZTpqhM5kwMxFKKPgFblwo4tYfcuffmKQKaj1wuYdz7mXuHD/mTBvH+bCWlldW19ZLG+XNre2d3crefkfLRBHaJpJL1fOxppxFtG2Y4bQXK4qFz2nXn1zlfveOKs1kdGumMfUEHkcsYASbXBqoUA4rVcc+c3KgReLaRXeqzbp9eA8ArWHlfTCSJBE0MoRjrfuuExsvxcowwumsPEg0jTGZ4DHtZzTCgmovLW6doZNMGaFAqqwigwr150aKhdZT4WeTAptQ//Vy8T+vn5ig4aUsihNDIzJ/KEg4MhLlH0cjpigxfJoRTBTLbkUkxAoTk8VTLkK4aDTqtTpaJN8hdGq269jujVttXsIcJTiCYzgFF86hCdfQgjYQCOEBnuDZEtaj9WK9zkeXrK+dA/gF6+0TA6eP6w==</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="fMndzPcc4jkm1az3AkQ79e34b0U=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiQtaN0V3bisYB/QhjKZTpqhM5kwMxFK6C+4caGIW3/InX9jklZQ64HLPZxzL3Pn+DFn2jjOp1VaW9/Y3CpvV3Z29/YPqodHXS0TRWiHSC5V38eachbRjmGG036sKBY+pz1/epP7vQeqNJPRvZnF1BN4ErGAEWxyaahCOarWHPvCyYFWiWsX3anBEu1R9WM4liQRNDKEY60HrhMbL8XKMMLpvDJMNI0xmeIJHWQ0woJqLy1unaOzTBmjQKqsIoMK9edGioXWM+FnkwKbUP/1cvE/b5CYoOmlLIoTQyOyeChIODIS5R9HY6YoMXyWEUwUy25FJMQKE5PFUylCuGo2G/UGWiXfIXTrtuvY7p1ba10v4yjDCZzCObhwCS24hTZ0gEAIj/AML5awnqxX620xWrKWO8fwC9b7F2JIjrY=</latexit>

k =
<latexit sha1_base64="xGrspRG+l/PatQrCZN79A26wNxY=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyFpQetCKLpxWcE+oA1lMp20Q2cmYWYilNBfcONCEbf+kDv/xiRVUOuByz2ccy9z5/gRZ9o4zodVWFldW98obpa2tnd298r7Bx0dxorQNgl5qHo+1pQzSduGGU57kaJY+Jx2/el15nfvqdIslHdmFlFP4LFkASPYZNIUXaJhueLYZ04GtExcO+9OpVkdnEKK1rD8PhiFJBZUGsKx1n3XiYyXYGUY4XReGsSaRphM8Zj2UyqxoNpL8lvn6CRVRigIVVrSoFz9uZFgofVM+OmkwGai/3qZ+J/Xj03Q8BImo9hQSRYPBTFHJkTZx9GIKUoMn6UEE8XSWxGZYIWJSeMp5SFcNBr1Wh0tk+8QOjXbdWz31q00r2CBIhzBMVTBhXNowg20oA0EJvAAT/BsCevRerFeF6MF62vnEH7BevsEhAOO5g==</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="40e47TkgnEaIarMiNBqPYhGWeCU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiQt1LoQim5cVrAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MUkrqPXA5R7OuZe5c/yIM20c59MqrK1vbG4Vt0s7u3v7B+XDo44OY0Vom4Q8VD0fa8qZpG3DDKe9SFEsfE67/vQm87sPVGkWynszi6gn8FiygBFsMmmKrtCwXHHsupMBrRLXzrtTgSVaw/LHYBSSWFBpCMda910nMl6ClWGE03lpEGsaYTLFY9pPqcSCai/Jb52js1QZoSBUaUmDcvXnRoKF1jPhp5MCm4n+62Xif14/NkHDS5iMYkMlWTwUxByZEGUfRyOmKDF8lhJMFEtvRWSCFSYmjaeUh3DZaNSqNbRKvkPoVG3Xsd07t9K8XsZRhBM4hXNw4QKacAstaAOBCTzCM7xYwnqyXq23xWjBWu4cwy9Y719DI435</latexit>

C⇢

H2 � 1 = 0
<latexit sha1_base64="dX64MYj47R6wGvNFpmrW984Rugk=">AAAB/nicbVDLSgNBEOyNrxhfq+LJy2AQvBh2E9B4EIK55BjBPCCJcXYymwyZfTAzK4Rlwc/w6sWDIl79Dm/+jZONghoLmi6quummnJAzqSzrw8gsLC4tr2RXc2vrG5tb5vZOUwaRILRBAh6ItoMl5cynDcUUp+1QUOw5nLaccXXqt26pkCzwr9QkpD0PD33mMoKVlvrmXtcVmMTVrhgFSVy7LibH9rnVN/NW4cSaAs0Tu5B2K18p3+dvAKDeN9+7g4BEHvUV4VjKjm2FqhdjoRjhNMl1I0lDTMZ4SDua+tijshen7yfoUCsD5AZCl69Qqv7ciLEn5cRz9KSH1Uj+9abif14nUm65FzM/jBT1yeyQG3GkAjTNAg2YoETxiSaYCKZ/RWSEdR5KJ5ZLQzgrl0vFEpon3yE0iwXbKtiXdr5yATNkYR8O4AhsOIUK1KAODSAQwwM8wbNxZzwaL8brbDRjfO3swi8Yb5+ME5by</latexit><latexit sha1_base64="59SWzYwWV9FgXNfbZK3mgWpaQ/I=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIXgy7CWg8CMFccoxgHpCNYXYymwyZfTAzK4Ql4Gd49eJBEcGT3+HNv3F2o6DGgqaLqm66KSfkTCrT/DAyC4tLyyvZ1dza+sbmVn57pyWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzriW+O0bKiQL/Cs1CWnPw0OfuYxgpaV+fs92BSZxzRajYBrXr0vTY+vc7OcLZvHETIDmiVVMu1moVu4K5LUNjX7+3R4EJPKorwjHUnYtM1S9GAvFCKfTnB1JGmIyxkPa1dTHHpW9OH1/ig61MkBuIHT5CqXqz40Ye1JOPEdPeliN5F8vEf/zupFyK72Y+WGkqE9mh9yIIxWgJAs0YIISxSeaYCKY/hWREdZ5KJ1YLg3hrFIpl8ponnyH0CoVLbNoXVqF6gXMkIV9OIAjsOAUqlCHBjSBQAz38AhPxq3xYDwbL7PRjPG1swu/YLx9AvLil/4=</latexit><latexit sha1_base64="59SWzYwWV9FgXNfbZK3mgWpaQ/I=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIXgy7CWg8CMFccoxgHpCNYXYymwyZfTAzK4Ql4Gd49eJBEcGT3+HNv3F2o6DGgqaLqm66KSfkTCrT/DAyC4tLyyvZ1dza+sbmVn57pyWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzriW+O0bKiQL/Cs1CWnPw0OfuYxgpaV+fs92BSZxzRajYBrXr0vTY+vc7OcLZvHETIDmiVVMu1moVu4K5LUNjX7+3R4EJPKorwjHUnYtM1S9GAvFCKfTnB1JGmIyxkPa1dTHHpW9OH1/ig61MkBuIHT5CqXqz40Ye1JOPEdPeliN5F8vEf/zupFyK72Y+WGkqE9mh9yIIxWgJAs0YIISxSeaYCKY/hWREdZ5KJ1YLg3hrFIpl8ponnyH0CoVLbNoXVqF6gXMkIV9OIAjsOAUqlCHBjSBQAz38AhPxq3xYDwbL7PRjPG1swu/YLx9AvLil/4=</latexit><latexit sha1_base64="59SWzYwWV9FgXNfbZK3mgWpaQ/I=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIXgy7CWg8CMFccoxgHpCNYXYymwyZfTAzK4Ql4Gd49eJBEcGT3+HNv3F2o6DGgqaLqm66KSfkTCrT/DAyC4tLyyvZ1dza+sbmVn57pyWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzriW+O0bKiQL/Cs1CWnPw0OfuYxgpaV+fs92BSZxzRajYBrXr0vTY+vc7OcLZvHETIDmiVVMu1moVu4K5LUNjX7+3R4EJPKorwjHUnYtM1S9GAvFCKfTnB1JGmIyxkPa1dTHHpW9OH1/ig61MkBuIHT5CqXqz40Ye1JOPEdPeliN5F8vEf/zupFyK72Y+WGkqE9mh9yIIxWgJAs0YIISxSeaYCKY/hWREdZ5KJ1YLg3hrFIpl8ponnyH0CoVLbNoXVqF6gXMkIV9OIAjsOAUqlCHBjSBQAz38AhPxq3xYDwbL7PRjPG1swu/YLx9AvLil/4=</latexit><latexit sha1_base64="59SWzYwWV9FgXNfbZK3mgWpaQ/I=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIXgy7CWg8CMFccoxgHpCNYXYymwyZfTAzK4Ql4Gd49eJBEcGT3+HNv3F2o6DGgqaLqm66KSfkTCrT/DAyC4tLyyvZ1dza+sbmVn57pyWDSBDaJAEPRMfBknLm06ZiitNOKCj2HE7bzriW+O0bKiQL/Cs1CWnPw0OfuYxgpaV+fs92BSZxzRajYBrXr0vTY+vc7OcLZvHETIDmiVVMu1moVu4K5LUNjX7+3R4EJPKorwjHUnYtM1S9GAvFCKfTnB1JGmIyxkPa1dTHHpW9OH1/ig61MkBuIHT5CqXqz40Ye1JOPEdPeliN5F8vEf/zupFyK72Y+WGkqE9mh9yIIxWgJAs0YIISxSeaYCKY/hWREdZ5KJ1YLg3hrFIpl8ponnyH0CoVLbNoXVqF6gXMkIV9OIAjsOAUqlCHBjSBQAz38AhPxq3xYDwbL7PRjPG1swu/YLx9AvLil/4=</latexit><latexit sha1_base64="k1101J/OzRO8T+z4XZvNGN5l3Vc=">AAAB/nicbZDLSgMxFIYzXmu9jYorN8EiuHHItKB1IRS76bKCvUBnLJk004ZmLiQZoQwFX8WNC0Xc+hzufBsz0wpqPRDy8//ncA6fF3MmFUKfxtLyyuraemGjuLm1vbNr7u23ZZQIQlsk4pHoelhSzkLaUkxx2o0FxYHHaccb17O8c0+FZFF4qyYxdQM8DJnPCFba6puHji8wSeuOGEXTtHFXnp7ZV6hvlpB1jrKCi8K28h+VwLyaffPDGUQkCWioCMdS9mwUKzfFQjHC6bToJJLGmIzxkPa0DHFApZvm50/hiXYG0I+EfqGCuftzIsWBlJPA050BViP5N8vM/7Jeovyqm7IwThQNyWyRn3CoIpixgAMmKFF8ogUmgulbIRlhzUNpYsUcwmW1WilX4KL4htAuWzay7Bu7VLue4yiAI3AMToENLkANNEATtAABKXgEz+DFeDCejFfjbda6ZMxnDsCvMt6/AGtylV8=</latexit>

⇢c =
<latexit sha1_base64="S/naHgfNewWAtshttOYc7rOZi5g=">AAAB8HicbVDLSsNAFL2pr1pf9bFzM1gEVyFpQetCKLpxWcHaShvKZDpph04mYWYilFDwH9y4UMStn+POv3GSKqj1wOUezrmXuXP8mDOlHefDKiwsLi2vFFdLa+sbm1vl7Z0bFSWS0BaJeCQ7PlaUM0FbmmlOO7GkOPQ5bfvji8xv31GpWCSu9SSmXoiHggWMYG2k254cRX2CzlC/XHHsYycDmieunXen0qjZe/cA0OyX33uDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0vzgKTo0ygAFkTQlNMrVnxspDpWahL6ZDLEeqb9eJv7ndRMd1L2UiTjRVJDZQ0HCkY5Q9ns0YJISzSeGYCKZuRWREZaYaJNRKQ/htF6vVWtonnyHcFO1Xcd2r9xK4xxmKMI+HMARuHACDbiEJrSAQAgP8ATPlrQerRfrdTZasL52duEXrLdPq0KRXA==</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="PR6bKQmbN2ZQssyk9qewcGNUEdY=">AAAB8HicbVDLSgMxFM3UV62vqks3wSK4GmZa0LoQim5cVrAPaYeSSTNtaB5DkhHK0K9w40IRt36OO//GzLSCWg9c7uGce8nNCWNGtfG8T6ewsrq2vlHcLG1t7+zulfcP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wcp35nQeiNJXizkxjEnA0EjSiGBkr3ffVWA4wvISDcsVzz7wMcJn4bt69CligOSh/9IcSJ5wIgxnSuud7sQlSpAzFjMxK/USTGOEJGpGepQJxooM0P3gGT6wyhJFUtoSBufpzI0Vc6ykP7SRHZqz/epn4n9dLTFQPUirixBCB5w9FCYNGwuz3cEgVwYZNLUFYUXsrxGOkEDY2o1IewkW9XqvW4DL5DqFddX3P9W/9SuNqEUcRHIFjcAp8cA4a4AY0QQtgwMEjeAYvjnKenFfnbT5acBY7h+AXnPcvCfKQJw==</latexit>

A flat universe means that 

So: k =
<latexit sha1_base64="xGrspRG+l/PatQrCZN79A26wNxY=">AAAB63icbVDLSsNAFL2pr1pfVZduBotQNyFpQetCKLpxWcE+oA1lMp20Q2cmYWYilNBfcONCEbf+kDv/xiRVUOuByz2ccy9z5/gRZ9o4zodVWFldW98obpa2tnd298r7Bx0dxorQNgl5qHo+1pQzSduGGU57kaJY+Jx2/el15nfvqdIslHdmFlFP4LFkASPYZNIUXaJhueLYZ04GtExcO+9OpVkdnEKK1rD8PhiFJBZUGsKx1n3XiYyXYGUY4XReGsSaRphM8Zj2UyqxoNpL8lvn6CRVRigIVVrSoFz9uZFgofVM+OmkwGai/3qZ+J/Xj03Q8BImo9hQSRYPBTFHJkTZx9GIKUoMn6UEE8XSWxGZYIWJSeMp5SFcNBr1Wh0tk+8QOjXbdWz31q00r2CBIhzBMVTBhXNowg20oA0EJvAAT/BsCevRerFeF6MF62vnEH7BevsEhAOO5g==</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="+qIQvcYhqWxymcCj4BoR4rCY9fU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovQVUha0LoQim5cVrAPaEKZTCft0MkkzEyEEvoLunChiFt/xE9w54e4N0kV1Hrgcg/n3MvcOV7EmdKW9W4UlpZXVteK66WNza3tnfLuXkeFsSS0TUIeyp6HFeVM0LZmmtNeJCkOPE673uQi87s3VCoWims9jagb4JFgPiNYZ9IEnaFBuWKZx1YGtEhsM+9WpVl1qh+vd05rUH5zhiGJAyo04Vipvm1F2k2w1IxwOis5saIRJhM8ov2UChxQ5Sb5rTN0lCpD5IcyLaFRrv7cSHCg1DTw0skA67H662Xif14/1n7DTZiIYk0FmT/kxxzpEGUfR0MmKdF8mhJMJEtvRWSMJSY6jaeUh3DaaNRrdbRIvkPo1EzbMu0ru9I8hzmKcACHUAUbTqAJl9CCNhAYwy08wKMRGPfGk/E8Hy0YXzv78AvGyycJopGH</latexit><latexit sha1_base64="40e47TkgnEaIarMiNBqPYhGWeCU=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiQt1LoQim5cVrAPaEOZTCft0JlJmJkIJfQX3LhQxK0/5M6/MUkrqPXA5R7OuZe5c/yIM20c59MqrK1vbG4Vt0s7u3v7B+XDo44OY0Vom4Q8VD0fa8qZpG3DDKe9SFEsfE67/vQm87sPVGkWynszi6gn8FiygBFsMmmKrtCwXHHsupMBrRLXzrtTgSVaw/LHYBSSWFBpCMda910nMl6ClWGE03lpEGsaYTLFY9pPqcSCai/Jb52js1QZoSBUaUmDcvXnRoKF1jPhp5MCm4n+62Xif14/NkHDS5iMYkMlWTwUxByZEGUfRyOmKDF8lhJMFEtvRWSCFSYmjaeUh3DZaNSqNbRKvkPoVG3Xsd07t9K8XsZRhBM4hXNw4QKacAstaAOBCTzCM7xYwnqyXq23xWjBWu4cwy9Y719DI435</latexit>

Solve for      : ⇢
<latexit sha1_base64="QIl7L6w6tcvL33FD+OIIBNAHoHk=">AAAB63icbVDLSsNAFL3xWeurPnZuBovgKiQtaN0V3bisYB/QhjKZTpqhM5kwMxFKKPgFblwo4tYfcuffmKQKaj1wuYdz7mXuHD/mTBvH+bCWlldW19ZLG+XNre2d3crefkfLRBHaJpJL1fOxppxFtG2Y4bQXK4qFz2nXn1zlfveOKs1kdGumMfUEHkcsYASbXBqoUA4rVcc+c3KgReLaRXeqzbp9eA8ArWHlfTCSJBE0MoRjrfuuExsvxcowwumsPEg0jTGZ4DHtZzTCgmovLW6doZNMGaFAqqwigwr150aKhdZT4WeTAptQ//Vy8T+vn5ig4aUsihNDIzJ/KEg4MhLlH0cjpigxfJoRTBTLbkUkxAoTk8VTLkK4aDTqtTpaJN8hdGq269jujVttXsIcJTiCYzgFF86hCdfQgjYQCOEBnuDZEtaj9WK9zkeXrK+dA/gF6+0TA6eP6w==</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="N7RLqsH4sg/Hb4gyinlbONJIbeY=">AAAB63icbVDLSsNAFJ3UV62v+ti5GSyCq5C0oHVXdKHLCvYBbSiT6aQZOo8wMxFq6C+4caGIW7d+jDuX/olJqqDWA5d7OOde5s7xI0a1cZx3q7CwuLS8Ulwtra1vbG6Vt3faWsYKkxaWTKqujzRhVJCWoYaRbqQI4j4jHX98nvmdG6I0leLaTCLicTQSNKAYmUzqq1AOyhXHPnYywHni2nl3Ko2avXf7cfHaHJTf+kOJY06EwQxp3XOdyHgJUoZiRqalfqxJhPAYjUgvpQJxor0kv3UKD1NlCAOp0hIG5urPjQRxrSfcTyc5MqH+62Xif14vNkHdS6iIYkMEnj0UxAwaCbOPwyFVBBs2SQnCiqa3QhwihbBJ4ynlIZzW67VqDc6T7xDaVdt1bPfKrTTOwAxFsA8OwBFwwQlogEvQBC2AQQjuwAN4tLh1bz1Zz7PRgvW1swt+wXr5BG/Mkbs=</latexit><latexit sha1_base64="fMndzPcc4jkm1az3AkQ79e34b0U=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiQtaN0V3bisYB/QhjKZTpqhM5kwMxFK6C+4caGIW3/InX9jklZQ64HLPZxzL3Pn+DFn2jjOp1VaW9/Y3CpvV3Z29/YPqodHXS0TRWiHSC5V38eachbRjmGG036sKBY+pz1/epP7vQeqNJPRvZnF1BN4ErGAEWxyaahCOarWHPvCyYFWiWsX3anBEu1R9WM4liQRNDKEY60HrhMbL8XKMMLpvDJMNI0xmeIJHWQ0woJqLy1unaOzTBmjQKqsIoMK9edGioXWM+FnkwKbUP/1cvE/b5CYoOmlLIoTQyOyeChIODIS5R9HY6YoMXyWEUwUy25FJMQKE5PFUylCuGo2G/UGWiXfIXTrtuvY7p1ba10v4yjDCZzCObhwCS24hTZ0gEAIj/AML5awnqxX620xWrKWO8fwC9b7F2JIjrY=</latexit>

⇢ =
<latexit sha1_base64="H2LFo1C4uY6Tj3q3WFpRNKI+MyI=">AAAB7nicbVDLSsNAFL2pr1pf9bFzM1gEVyFpQetCKLpxWcE+oA1lMp20QyczYWYilFDwF9y4UMSt3+POvzFJFdR64HIP59zL3Dl+xJk2jvNhFZaWV1bXiuuljc2t7Z3y7l5by1gR2iKSS9X1saacCdoyzHDajRTFoc9px59cZX7njirNpLg104h6IR4JFjCCTSp1+mos0QUalCuOfepkQIvEtfPuVBo1++AeAJqD8nt/KEkcUmEIx1r3XCcyXoKVYYTTWakfaxphMsEj2kupwCHVXpKfO0PHqTJEgVRpCYNy9edGgkOtp6GfTobYjPVfLxP/83qxCepewkQUGyrI/KEg5shIlP0dDZmixPBpSjBRLL0VkTFWmJg0oVIewnm9XqvW0CL5DqFdtV3Hdm/cSuMS5ijCIRzBCbhwBg24hia0gMAEHuAJnq3IerRerNf5aMH62tmHX7DePgE1WpCG</latexit><latexit sha1_base64="qZA4QvwadY0y+XSFCL7oz9Fkygg=">AAAB7nicbVDLSgMxFL3js9ZXfezcBIvgaphpQetCKLrQZQX7gHYomTTThmYyQ5IRaulHuHGhiFtXfow7l/6JmamCWg9c7uGce8nN8WPOlHacd2tufmFxaTm3kl9dW9/YLGxtN1SUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD89Tv3lDpWKRuNajmHoh7gsWMIK1kZodOYjQKeoWio595KRAs8S1s+4Uq2V79/bj4rXWLbx1ehFJQio04ViptuvE2htjqRnhdJLvJIrGmAxxn7YNFTikyhtn507QgVF6KIikKaFRpv7cGONQqVHom8kQ64H666Xif1470UHFGzMRJ5oKMn0oSDjSEUr/jnpMUqL5yBBMJDO3IjLAEhNtEspnIZxUKuVSGc2S7xAaJdt1bPfKLVbPYIoc7ME+HIILx1CFS6hBHQgM4Q4e4NGKrXvryXqejs5ZXzs78AvWyyehf5JW</latexit><latexit sha1_base64="qZA4QvwadY0y+XSFCL7oz9Fkygg=">AAAB7nicbVDLSgMxFL3js9ZXfezcBIvgaphpQetCKLrQZQX7gHYomTTThmYyQ5IRaulHuHGhiFtXfow7l/6JmamCWg9c7uGce8nN8WPOlHacd2tufmFxaTm3kl9dW9/YLGxtN1SUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD89Tv3lDpWKRuNajmHoh7gsWMIK1kZodOYjQKeoWio595KRAs8S1s+4Uq2V79/bj4rXWLbx1ehFJQio04ViptuvE2htjqRnhdJLvJIrGmAxxn7YNFTikyhtn507QgVF6KIikKaFRpv7cGONQqVHom8kQ64H666Xif1470UHFGzMRJ5oKMn0oSDjSEUr/jnpMUqL5yBBMJDO3IjLAEhNtEspnIZxUKuVSGc2S7xAaJdt1bPfKLVbPYIoc7ME+HIILx1CFS6hBHQgM4Q4e4NGKrXvryXqejs5ZXzs78AvWyyehf5JW</latexit><latexit sha1_base64="qZA4QvwadY0y+XSFCL7oz9Fkygg=">AAAB7nicbVDLSgMxFL3js9ZXfezcBIvgaphpQetCKLrQZQX7gHYomTTThmYyQ5IRaulHuHGhiFtXfow7l/6JmamCWg9c7uGce8nN8WPOlHacd2tufmFxaTm3kl9dW9/YLGxtN1SUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD89Tv3lDpWKRuNajmHoh7gsWMIK1kZodOYjQKeoWio595KRAs8S1s+4Uq2V79/bj4rXWLbx1ehFJQio04ViptuvE2htjqRnhdJLvJIrGmAxxn7YNFTikyhtn507QgVF6KIikKaFRpv7cGONQqVHom8kQ64H666Xif1470UHFGzMRJ5oKMn0oSDjSEUr/jnpMUqL5yBBMJDO3IjLAEhNtEspnIZxUKuVSGc2S7xAaJdt1bPfKLVbPYIoc7ME+HIILx1CFS6hBHQgM4Q4e4NGKrXvryXqejs5ZXzs78AvWyyehf5JW</latexit><latexit sha1_base64="qZA4QvwadY0y+XSFCL7oz9Fkygg=">AAAB7nicbVDLSgMxFL3js9ZXfezcBIvgaphpQetCKLrQZQX7gHYomTTThmYyQ5IRaulHuHGhiFtXfow7l/6JmamCWg9c7uGce8nN8WPOlHacd2tufmFxaTm3kl9dW9/YLGxtN1SUSELrJOKRbPlYUc4ErWumOW3FkuLQ57TpD89Tv3lDpWKRuNajmHoh7gsWMIK1kZodOYjQKeoWio595KRAs8S1s+4Uq2V79/bj4rXWLbx1ehFJQio04ViptuvE2htjqRnhdJLvJIrGmAxxn7YNFTikyhtn507QgVF6KIikKaFRpv7cGONQqVHom8kQ64H666Xif1470UHFGzMRJ5oKMn0oSDjSEUr/jnpMUqL5yBBMJDO3IjLAEhNtEspnIZxUKuVSGc2S7xAaJdt1bPfKLVbPYIoc7ME+HIILx1CFS6hBHQgM4Q4e4NGKrXvryXqejs5ZXzs78AvWyyehf5JW</latexit><latexit sha1_base64="7fSVF090NSeeXSoIMXFWWL6wKZs=">AAAB7nicbVDLSgMxFL3js9ZX1aWbYBFcDTMtaF0IRTcuK9gHtEPJpJk2NJMMSUYopR/hxoUibv0ed/6NmWkFtR643MM595KbEyacaeN5n87K6tr6xmZhq7i9s7u3Xzo4bGmZKkKbRHKpOiHWlDNBm4YZTjuJojgOOW2H45vMbz9QpZkU92aS0CDGQ8EiRrCxUrunRhJdoX6p7LnnXga0THw3714ZFmj0Sx+9gSRpTIUhHGvd9b3EBFOsDCOczoq9VNMEkzEe0q6lAsdUB9P83Bk6tcoARVLZEgbl6s+NKY61nsShnYyxGem/Xib+53VTE9WCKRNJaqgg84eilCMjUfZ3NGCKEsMnlmCimL0VkRFWmBibUDEP4bJWq1aqaJl8h9CquL7n+nd+uX69iKMAx3ACZ+DDBdThFhrQBAJjeIRneHES58l5dd7moyvOYucIfsF5/wKT+49R</latexit>

Now treat the density as a measurable parameter and relate it to that 
particular critical density

⌦m(t) =
<latexit sha1_base64="kcGNkRGiTOhBCalXn/R6P2XRQSM=">AAAB9XicbVDLSsNAFL2pr1pfVXHlZrAIdROSFrUuhKIbd1awD2hjmUyn7dCZJMxMlBL6H25cKOLWX/Ab3Pk3JqmCWg9c7uGce7mX4wacKW1ZH0Zmbn5hcSm7nFtZXVvfyG9uNZQfSkLrxOe+bLlYUc48WtdMc9oKJMXC5bTpjs4Tv3lLpWK+d63HAXUEHniszwjWsXTTuRR0gLsCFfUBOu3mC5Z5ZCVAs8Q2024VqofmzhsA1Lr5907PJ6GgniYcK9W2rUA7EZaaEU4nuU6oaIDJCA9oO6YeFlQ5Ufr1BO3HSg/1fRmXp1Gq/tyIsFBqLNx4UmA9VH+9RPzPa4e6X3Ei5gWhph6ZHuqHHGkfJRGgHpOUaD6OCSaSxb8iMsQSEx0HlUtDOKlUyqUymiXfITRKpm2Z9pVdqJ7BFFnYhT0ogg3HUIULqEEdCEi4h0d4Mu6MB+PZeJmOZoyvnW34BeP1E/y0k0A=</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="uQV/ATSoNXKalxFItvh9bcgi+hk=">AAAB9XicbVDLSgMxFM3UV62vqks3wSLUzTDTgtaFUHTjzgr2Ae1YMmmmDU0yQ5JRytD/cONCEbf+izv/xsy0gloPXO7hnHu5l+NHjCrtOJ9Wbml5ZXUtv17Y2Nza3inu7rVUGEtMmjhkoez4SBFGBWlqqhnpRJIg7jPS9seXqd++J1LRUNzqSUQ8joaCBhQjbaS73jUnQ9TnsKyP4Xm/WHLsEycFXCSunXWnBOZo9IsfvUGIY06Exgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUIE4UV6SfT2FR0YZwCCUpoSGmfpzI0FcqQn3zSRHeqT+eqn4n9eNdVDzEiqiWBOBZ4eCmEEdwjQCOKCSYM0mhiAsqfkV4hGSCGsTVCEL4axWq1aqcJF8h9Cq2K5juzduqX4xjyMPDsAhKAMXnII6uAIN0AQYSPAInsGL9WA9Wa/W22w0Z8139sEvWO9fAVWRyA==</latexit>

_______ H atoms/m3⇢c =
<latexit sha1_base64="S/naHgfNewWAtshttOYc7rOZi5g=">AAAB8HicbVDLSsNAFL2pr1pf9bFzM1gEVyFpQetCKLpxWcHaShvKZDpph04mYWYilFDwH9y4UMStn+POv3GSKqj1wOUezrmXuXP8mDOlHefDKiwsLi2vFFdLa+sbm1vl7Z0bFSWS0BaJeCQ7PlaUM0FbmmlOO7GkOPQ5bfvji8xv31GpWCSu9SSmXoiHggWMYG2k254cRX2CzlC/XHHsYycDmieunXen0qjZe/cA0OyX33uDiCQhFZpwrFTXdWLtpVhqRjidlnqJojEmYzykXUMFDqny0vzgKTo0ygAFkTQlNMrVnxspDpWahL6ZDLEeqb9eJv7ndRMd1L2UiTjRVJDZQ0HCkY5Q9ns0YJISzSeGYCKZuRWREZaYaJNRKQ/htF6vVWtonnyHcFO1Xcd2r9xK4xxmKMI+HMARuHACDbiEJrSAQAgP8ATPlrQerRfrdTZasL52duEXrLdPq0KRXA==</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="tRiI7JYSeQMvnXfW28lpnXyXne8=">AAAB8HicbVDLSgMxFM3UV62v+ti5CRbB1TDTgtaFUHShywr2Ie1QMmmmDU0mQ5IR6tCvcONCEbcu/Bh3Lv0TM1MFtR643MM595Kb40eMKu0471Zubn5hcSm/XFhZXVvfKG5uNZWIJSYNLJiQbR8pwmhIGppqRtqRJIj7jLT80Vnqt26IVFSEV3ocEY+jQUgDipE20nVXDkUPwxPYK5Yc+9BJAWeJa2fdKdUq9s7tx/lrvVd86/YFjjkJNWZIqY7rRNpLkNQUMzIpdGNFIoRHaEA6hoaIE+Ul2cETuG+UPgyENBVqmKk/NxLElRpz30xypIfqr5eK/3mdWAdVL6FhFGsS4ulDQcygFjD9PexTSbBmY0MQltTcCvEQSYS1yaiQhXBcrVbKFThLvkNolm3Xsd1Lt1Q7BVPkwS7YAwfABUegBi5AHTQABhzcgQfwaEnr3nqynqejOetrZxv8gvXyCRd2kyw=</latexit><latexit sha1_base64="PR6bKQmbN2ZQssyk9qewcGNUEdY=">AAAB8HicbVDLSgMxFM3UV62vqks3wSK4GmZa0LoQim5cVrAPaYeSSTNtaB5DkhHK0K9w40IRt36OO//GzLSCWg9c7uGce8nNCWNGtfG8T6ewsrq2vlHcLG1t7+zulfcP2lomCpMWlkyqbog0YVSQlqGGkW6sCOIhI51wcp35nQeiNJXizkxjEnA0EjSiGBkr3ffVWA4wvISDcsVzz7wMcJn4bt69CligOSh/9IcSJ5wIgxnSuud7sQlSpAzFjMxK/USTGOEJGpGepQJxooM0P3gGT6wyhJFUtoSBufpzI0Vc6ykP7SRHZqz/epn4n9dLTFQPUirixBCB5w9FCYNGwuz3cEgVwYZNLUFYUXsrxGOkEDY2o1IewkW9XqvW4DL5DqFddX3P9W/9SuNqEUcRHIFjcAp8cA4a4AY0QQtgwMEjeAYvjnKenFfnbT5acBY7h+AXnPcvCfKQJw==</latexit>

So a flat universe means that ⌦m(t) =
<latexit sha1_base64="kcGNkRGiTOhBCalXn/R6P2XRQSM=">AAAB9XicbVDLSsNAFL2pr1pfVXHlZrAIdROSFrUuhKIbd1awD2hjmUyn7dCZJMxMlBL6H25cKOLWX/Ab3Pk3JqmCWg9c7uGce7mX4wacKW1ZH0Zmbn5hcSm7nFtZXVvfyG9uNZQfSkLrxOe+bLlYUc48WtdMc9oKJMXC5bTpjs4Tv3lLpWK+d63HAXUEHniszwjWsXTTuRR0gLsCFfUBOu3mC5Z5ZCVAs8Q2024VqofmzhsA1Lr5907PJ6GgniYcK9W2rUA7EZaaEU4nuU6oaIDJCA9oO6YeFlQ5Ufr1BO3HSg/1fRmXp1Gq/tyIsFBqLNx4UmA9VH+9RPzPa4e6X3Ei5gWhph6ZHuqHHGkfJRGgHpOUaD6OCSaSxb8iMsQSEx0HlUtDOKlUyqUymiXfITRKpm2Z9pVdqJ7BFFnYhT0ogg3HUIULqEEdCEi4h0d4Mu6MB+PZeJmOZoyvnW34BeP1E/y0k0A=</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="uQV/ATSoNXKalxFItvh9bcgi+hk=">AAAB9XicbVDLSgMxFM3UV62vqks3wSLUzTDTgtaFUHTjzgr2Ae1YMmmmDU0yQ5JRytD/cONCEbf+izv/xsy0gloPXO7hnHu5l+NHjCrtOJ9Wbml5ZXUtv17Y2Nza3inu7rVUGEtMmjhkoez4SBFGBWlqqhnpRJIg7jPS9seXqd++J1LRUNzqSUQ8joaCBhQjbaS73jUnQ9TnsKyP4Xm/WHLsEycFXCSunXWnBOZo9IsfvUGIY06Exgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUIE4UV6SfT2FR0YZwCCUpoSGmfpzI0FcqQn3zSRHeqT+eqn4n9eNdVDzEiqiWBOBZ4eCmEEdwjQCOKCSYM0mhiAsqfkV4hGSCGsTVCEL4axWq1aqcJF8h9Cq2K5juzduqX4xjyMPDsAhKAMXnII6uAIN0AQYSPAInsGL9WA9Wa/W22w0Z8139sEvWO9fAVWRyA==</latexit>
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<latexit sha1_base64="RKBWAfzNNqB9CJ2o3ie3Y24KCwY="></latexit><latexit sha1_base64="RKBWAfzNNqB9CJ2o3ie3Y24KCwY="></latexit><latexit sha1_base64="RKBWAfzNNqB9CJ2o3ie3Y24KCwY="></latexit><latexit sha1_base64="RKBWAfzNNqB9CJ2o3ie3Y24KCwY="></latexit><latexit sha1_base64="RKBWAfzNNqB9CJ2o3ie3Y24KCwY="></latexit><latexit sha1_base64="KhpIJ/RsH/z3jkWk4HBVOUx53Hc="></latexit>



from Friedman Equation
gathering constants…
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Want flat? k = 0 so: C⇢

H2
� 1 = 0

⌦m(t) = 1 is	the	boundary	between	flat	and	either	
closed	or	open	geometries.

define the “density parameter: 

⌦m(t) =
⇢

⇢c

Density	parameter	for	maTer

⇢c =
H

2

C

“Cri4cal	density”…	
for	the	current	value	of	H...
⇢c ⇠ 10�26 kg m�3

about	5	Hydrogen	atoms	per	
cubic	meter

call 

= H
2 (⌦m � 1)kc

2

R2
/ H

2

✓
C⇢

H2
� 1

◆

<latexit sha1_base64="BeF0L0il+njpDrIiSs6oYg8dQ2s="></latexit><latexit sha1_base64="BeF0L0il+njpDrIiSs6oYg8dQ2s="></latexit><latexit sha1_base64="BeF0L0il+njpDrIiSs6oYg8dQ2s="></latexit><latexit sha1_base64="yiG50WXLULICiUzB+Z0Wqo1Z36g="></latexit>



Competition

Between 
expansion 
(Hubble 
Parameter) 

Gravitation 
(Density )

 82

-14 -12 -10   -8   -6   -4   -2   0    2    4    6    8    10  12  14 By

empty

⌦m = 0

cri4cal

⌦m = 1

closed

⌦m > 1

open,	expanding

closed,	contrac4ng

relative 
size

}
1
H0

NOW



what can 
be 
measured?

many quantities
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1. Hubble	Constant	
from	veloci9es	of	far-away	galaxies	

2. large-scale	densiEes	
mo9ons	of	galaxies	
the	Cosmic	Microwave	Background,	CMB	

3. “baryon	densiEes”	
survey	of	stuff	that	shines...mostly	Hydrogen	
from	the	CMB



CMB:   
1965 - 1992
this is the point of 
“last scattering” 

of the photons at 
370,000 years ABB
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Penzias	and	Wilson,	from	the	phone	company.

AS 4022  Cosmology

COBE...

AS 4022  Cosmology

could	
dis4nguish	
about	7°

Robert	Wilson	Anro	Penzias,	1978

George	Smoot	and	John	Mather,	2006



problem #1

the flatness problem.
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CMB, 1999

Balloon Observations 
Of Millimetric 
Extragalactic 
Radiation ANisotropy 
and Geophysics... 

BOOMERANG
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AS 4022  Cosmology

Boomerang’s Baloon

AS 4022  Cosmology

Boomerang’s
Stratospheric Flight Track

Altitude

37 km

10 days

Around	the	world	in	10	
days...from	Antarc4ca

AS 4022  Cosmology

Resolution ~ 0.3o

could	
dis4nguish	
about	0.3°



the 
temperature 
fluctutation 
pattern is a 
measurement of 
curvature
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“high”	temperature	means	high	density	regions	
“low”	temperature	means	low	density	regions

Red	=	HoTer	than	average	by	300	microKelvin.	
Blue	=	Cooler	than	average	by	300	microKelvin.	

⌦m(t) = 1

Can	be	modeled	for	that	moment	of	last	scaTering...
!

data

""
The	result?	A	flat	geometry	was	determined.

So	we’d	beTer	have:		



This 
measurement 
has evolved

Cosmology is 
actually now a 
precision science.
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Planck’s	resolu4on	is	
roughly	1/12	of	a	
degree

COBE’s	resolu4on	
was	7	degrees.



CMB measurements

The 1999 Boomerang South Pole measurements suggest: ⌦m(t) =
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The 2013 Planck Satellite measurements suggest: ⌦m(t) =
<latexit sha1_base64="kcGNkRGiTOhBCalXn/R6P2XRQSM=">AAAB9XicbVDLSsNAFL2pr1pfVXHlZrAIdROSFrUuhKIbd1awD2hjmUyn7dCZJMxMlBL6H25cKOLWX/Ab3Pk3JqmCWg9c7uGce7mX4wacKW1ZH0Zmbn5hcSm7nFtZXVvfyG9uNZQfSkLrxOe+bLlYUc48WtdMc9oKJMXC5bTpjs4Tv3lLpWK+d63HAXUEHniszwjWsXTTuRR0gLsCFfUBOu3mC5Z5ZCVAs8Q2024VqofmzhsA1Lr5907PJ6GgniYcK9W2rUA7EZaaEU4nuU6oaIDJCA9oO6YeFlQ5Ufr1BO3HSg/1fRmXp1Gq/tyIsFBqLNx4UmA9VH+9RPzPa4e6X3Ei5gWhph6ZHuqHHGkfJRGgHpOUaD6OCSaSxb8iMsQSEx0HlUtDOKlUyqUymiXfITRKpm2Z9pVdqJ7BFFnYhT0ogg3HUIULqEEdCEi4h0d4Mu6MB+PZeJmOZoyvnW34BeP1E/y0k0A=</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="TP8MusvN/eV12qgsz5IaV8cqJTU=">AAAB9XicbVDLSsNAFJ34rPVVFVduBotQNyFpUetCKLpxZwX7gDaWyXTSDp2ZhJmJUkL/w4UuFBV3rv0Nd/6NSaqg1gOXezjnXu7luAGjSlvWhzE1PTM7N59ZyC4uLa+s5tbW68oPJSY17DNfNl2kCKOC1DTVjDQDSRB3GWm4g5PEb1wRqagvLvQwIA5HPUE9ipGOpcv2GSc91OGwoHfhUSeXt8x9KwGcJLaZditf2TM3355ebqud3Hu76+OQE6ExQ0q1bCvQToSkppiRUbYdKhIgPEA90oqpQJwoJ0q/HsGdWOlCz5dxCQ1T9edGhLhSQ+7GkxzpvvrrJeJ/XivUXtmJqAhCTQQeH/JCBrUPkwhgl0qCNRvGBGFJ418h7iOJsI6DyqYhHJbLpWIJTpLvEOpF07ZM+9zOV47BGBmwBbZBAdjgAFTAKaiCGsBAghtwDx6Ma+POeDSex6NTxtfOBvgF4/UTgMiVIg==</latexit><latexit sha1_base64="uQV/ATSoNXKalxFItvh9bcgi+hk=">AAAB9XicbVDLSgMxFM3UV62vqks3wSLUzTDTgtaFUHTjzgr2Ae1YMmmmDU0yQ5JRytD/cONCEbf+izv/xsy0gloPXO7hnHu5l+NHjCrtOJ9Wbml5ZXUtv17Y2Nza3inu7rVUGEtMmjhkoez4SBFGBWlqqhnpRJIg7jPS9seXqd++J1LRUNzqSUQ8joaCBhQjbaS73jUnQ9TnsKyP4Xm/WHLsEycFXCSunXWnBOZo9IsfvUGIY06Exgwp1XWdSHsJkppiRqaFXqxIhPAYDUnXUIE4UV6SfT2FR0YZwCCUpoSGmfpzI0FcqQn3zSRHeqT+eqn4n9eNdVDzEiqiWBOBZ4eCmEEdwjQCOKCSYM0mhiAsqfkV4hGSCGsTVCEL4axWq1aqcJF8h9Cq2K5juzduqX4xjyMPDsAhKAMXnII6uAIN0AQYSPAInsGL9WA9Wa/W22w0Z8139sEvWO9fAVWRyA==</latexit>

kc
2

R2
/ H

2 (⌦m � 1)
<latexit sha1_base64="8dnW+xy17E5ybOA2+kJv0F9VbcM="></latexit><latexit sha1_base64="8dnW+xy17E5ybOA2+kJv0F9VbcM="></latexit><latexit sha1_base64="8dnW+xy17E5ybOA2+kJv0F9VbcM="></latexit><latexit sha1_base64="8dnW+xy17E5ybOA2+kJv0F9VbcM="></latexit><latexit sha1_base64="8dnW+xy17E5ybOA2+kJv0F9VbcM="></latexit><latexit sha1_base64="xgYQ1kYAAIt9r9JwRiQd2gVxDdE="></latexit>

Remember: 

So, Planck data suggest:

So, Boomerang data suggest: k < > or = 0?
<latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="rb37hvNilHDyO4MRUHxMLdd6FCg=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDRWZBeMYvBBtLHERJCEJWR2mIUJs4/M3DWSDX9g46/YWGiMra2df+MsYKLiKeaenHNv7p3jhIIrMM1PIzUzOze/kF7MLC2vrK5l1zfqKogkZTUaiEA2HKKY4D6rAQfBGqFkxHMEu3H6F4l/c8uk4oF/DYOQtTzS9bnLKQEttbO7fbtsl/Fx8up6im1gdxDjQOLhWDvBJj5rZ3Nm/sBMgKeJlR9VM4cmqLazH3YnoJHHfKCCKNW0zBBaMZHAqWDDjB0pFhLaJ13W1NQnHlOtePSfId7RSge7+gY38AGP1J8TMfGUGniO7vQI9NRfLxH/85oRuKVWzP0wAubT8SI3EhgCnISDO1wyCmKgCaGS61sx7RFJKOgIM6MQjkqlYqGIp8l3CPVC3jLz1tV+rnI+iSONttA22kMWOkQVdImqqIYoukeP6Bm9GA/Gk/FqvI1bU8ZkZhP9gvH+Bf6Bmbw=</latexit>

k < > or = 0?
<latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="cFp9nkYSHoCevpaq6VjGbPferZ0=">AAACD3icbVDJSgNBEK1xN25Rj14ag+IpzKhoxC3oxaOCiYFMCD2dHm3Ss9BdI4Yhf+DFX/HiQRGvXr35N/ZMFNzeoevxXhVV/bxYCo22/W4NDY+Mjo1PTBampmdm54rzC3UdJYrxGotkpBoe1VyKkNdQoOSNWHEaeJJfeN3jzL+45kqLKDzHXsxbAb0MhS8YRSO1i6tdd9fdJXvZa+oBcZHfYEoiRfoDbZ/Y5LBdLNnlLTsD+Uuccl7tUnUNcpy2i29uJ2JJwENkkmrddOwYWylVKJjk/YKbaB5T1qWXvGloSAOuW2n+nz5ZMUqH+OYGPwqR5Or3iZQGWvcCz3QGFK/0by8T//OaCfqVVirCOEEessEiP5EEI5KFQzpCcYayZwhlSphbCbuiijI0ERbyEHYqlY31DfKXfIVQXy87dtk52yxVjwZpwAQswTKsgQPbUIUTOIUaMLiFe3iEJ+vOerCerZdB65D1ObMIP2C9fgCLyJok</latexit><latexit sha1_base64="rb37hvNilHDyO4MRUHxMLdd6FCg=">AAACD3icbVC7TgJBFJ3FF+ILtbSZSDRWZBeMYvBBtLHERJCEJWR2mIUJs4/M3DWSDX9g46/YWGiMra2df+MsYKLiKeaenHNv7p3jhIIrMM1PIzUzOze/kF7MLC2vrK5l1zfqKogkZTUaiEA2HKKY4D6rAQfBGqFkxHMEu3H6F4l/c8uk4oF/DYOQtTzS9bnLKQEttbO7fbtsl/Fx8up6im1gdxDjQOLhWDvBJj5rZ3Nm/sBMgKeJlR9VM4cmqLazH3YnoJHHfKCCKNW0zBBaMZHAqWDDjB0pFhLaJ13W1NQnHlOtePSfId7RSge7+gY38AGP1J8TMfGUGniO7vQI9NRfLxH/85oRuKVWzP0wAubT8SI3EhgCnISDO1wyCmKgCaGS61sx7RFJKOgIM6MQjkqlYqGIp8l3CPVC3jLz1tV+rnI+iSONttA22kMWOkQVdImqqIYoukeP6Bm9GA/Gk/FqvI1bU8ZkZhP9gvH+Bf6Bmbw=</latexit>

So, for no cosmological constant: 

circle the Boomerang universe 

square the Planck universe
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WMAP... Wilkinson 
Microwave Anisotropy 
Probe 

Planck just 2013!
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From	mul4ple,	different	kinds	of	measurements:

⌦m(t) = 0.27± 0.04 ⌦m(t) = 1 !
0.308 ± ~0.010

kc
2

R2
= H

2 (⌦m � 1) suggests	k	<0

But: suggested	that	k	=	0



CMB, 2013

now it’s really precise 

WMAP... Wilkinson 
Microwave Anisotropy 
Probe 

Planck just 2013!
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Further,	if	Dark	MaTer	is	part	of	this...
⌦m(t) = ⌦DM + ⌦b

From	mul4ple,	different	kinds	of	measurements:

⌦m(t) = 0.27± 0.04 ⌦m(t) = 1 !
0.308 ± ~0.010

From	other...mul4ple,	different	kinds	of	
measurements: ⌦b = 0.044± 0.0040.0412 ± ~0.001

⌦DM = ~0.3



everything that shines - Baryons -...4% of 
the critical density

Dark Matter? 30%... 

Something missing in order to get to flat at 100%
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this is where we were in 1999

after the BOOMERANG results

 93



by 1998, the 
Supernova 
Cosmology 
Project

was concluding a 
decade-long 
experiment
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Find	and	characterize	a	
par4cular	kind	of	
Supernova,	called	“1a”

suppose	you	know	how	far	
away	an	iden4cal	bulb	is...you	
could	calculate	how	bright	it	
should	appear

1a	supernovae	are	different:	
From	stars	not	massive	enough	by	
themselves	to	nova	

But	in	close	proximity	to	another	
star	which	it	siphons	maTer	from,	
enough	to	cause	a	supernova	
explosion	a\er	all

Remarkably	reliable	
light	output.
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or	the	other	way	around.



so, the 
game was 
clear

do the Hubble-
thing 

use spectra to 
determine speed, 
distance

 95

The	far-away	1a	supernovae	appeared	to	be	much	too	
dim	for	the	distances	away!

? no...must	be	further	
away	than	expected

they	expected	to	determine	how	
much	the	expansion	of	the	
universe	was	slowing	down.

They	ended	up	showing	the	opposite!


